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At the leading order, M-theory admits minimal supersymmetric compactifi- 
cations if the internal manifold has exceptional holonomy. The inclusion of non- 
vanishing fluxes in M-theory and string theory compactifications induce a superpo- 



X 

5^ i tential in the lower dimensional theory, which depends on the fluxes. In this work, 

we check the conjectured form of this superpotential in the case of warped M-theory 
compactifications on Spin(7) holonomy manifolds. We perform a Kaluza-Klein re- 
duction of the eleven- dimensional supersymmetry transformation for the gravitino 
and we find by direct comparison the superpotential expression. We check the con- 
jecture for the heterotic string compactified on a Calabi-Yau three-fold as well. The 
conjecture can be checked indirectly by inspecting the scalar potential obtained after 
the compactification of M-theory on Spin(7) holonomy manifolds with non-vanishing 



fluxes. The scalar potential can be written in terms of the superpotential and we 
show that this potential stabilizes all the moduli fields describing deformations of 
the metric except for the radial modulus. 

All the above analyses require the knowledge of the minimal supergravity 
action in three dimensions. Therefore we calculate the most general causal M = 1 
three-dimensional, gauge invariant action coupled to matter in superspace and derive 
its component form using Ectoplasmic integration theory. We also show that the 
three-dimensional theory which results from the compactification is in agreement 
with the more general supergravity construction. 

The compactification procedure takes into account higher order quantum cor- 
rection terms in the low energy effective action. We analyze the properties of these 
terms on a Spin(7) background. We derive a perturbative set of solutions which 
emerges from a warped compactification on a Spin (7) holonomy manifold with non- 
vanishing flux for the M-theory field strength and we show that in general the Ricci 
fiatness of the internal manifold is lost, which means that the supergravity vacua 
are deformed away from the exceptional holonomy. Using the superpotential form 
we identify the supersymmetric vacua out of this general set of solutions. 
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1. INTRODUCTION 



Low dimensional compactifications of M-theory have previously been discussed in 
the literature. The amount of supersymmetry obtained in the low-dimensional effec- 
tive theory is directly related to the holonomy of the internal manifold. Compact- 
ifications on Riemannian manifolds of exceptional holonomy are of special interest 
because they allow us to obtain theories with less supersymmetry and in a differ- 
ent number of space-time dimensions. In particular, M-theory compactifications 
on Spin(7) holonomy manifolds^ lead to a minimal supersymmetric theory in three 
dimensions. Early papers which have considered compactification of M-theory on 
exceptional holonomy backgrounds are [2] and [3]. 

Recall that there is a close connection between the theory of Riemannian man- 
ifolds with reduced holonomy and the theory of calibrated geometry [4] . Calibrated 
geometry is the theory which studies calibrated submanifolds, a special kind of min- 
imal submanifolds of a Riemannian manifold, which are defined using a closed form 
called the calibration. Riemannian manifolds with reduced holonomy usually come 

^For a mathematical introduction into the subject of manifolds with exceptional holonomy the 
reader can consult the book by Dominic Joyce [1] . 
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equipped with one or more natural calibrations. Based on this close relation to 
calibrated geometry and generalizing the result for the superpotential found in [5], 
Gukov made a conjecture about the form of the superpotential appearing in string 
theory compactifications with non-vanishing Ramond-Ramond fluxes on a manifold 
X of reduced holonomy [6] 



In this formula the sum is over all possible combinations of fluxes and calibrations. 
This conjecture has been previously checked by computing the scalar potential from 
a Kaluza-Klein reduction of the action for a certain type of theories. This, in 
turn, determines the superpotential. We want to emphasize that this procedure 
is an indirect verification of (1.1). In this thesis we present a direct computation 
based on the general observation that the gravitino supersymmetry transformation 
contains a term proportional to W. For the Type IIB theory these potentials have 
been computed in [7] and [8]. The superpotentials for Type IIA compactifications 
on Calabi-Yau four-folds were derived in [9, 10, 11], while the scalar potential for 
M-theory on G2 holonomy manifolds has been computed in [12]. One of our main 
goals will be to compute directly the superpotential for the three-dimensional theory 
obtained from compactification of M-theory on Spin(7) holonomy manifolds. Having 
the form of W we can then determine the concrete form of the scalar potential 
which arises in the low energy effective action. This is another important problem 
addressed in this thesis. 

It is well known that for a conventional compactification of the heterotic string 




(1.1) 
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on a Calabi-Yau three-fold, i.e. without taking warp factors into account, turning 
on an expectation value for the heterotic three-form will induce a superpotential, 
which breaks supersymmetry without generating a cosmological constant [13]. In 
the context of Gukov's conjecture [6], it was argued in [14] that this superpotential 
can be written as in (1.1), generalizing the original proposal [6] to fluxes of Neveu- 
Schwarz type. For an earlier discussion on the superpotential one can consult [13]. 
Due to the fact that this is a rather important result, we have included in our thesis 
the superpotential derivation for the heterotic theory alongside with the derivation 
for M-theory on Spin(7) manifolds. We shall check the above conjecture for both 
theories in section 5.1 by computing the superpotential explicitly from a Kaluza- 
Klein reduction of the gravitino supersymmetry transformation. 

Of great importance are the compactifications of M-theory and string theory 
with non-vanishing expectation values for tensor fields. The previously mentioned 
procedures play a very special role when trying to find a realistic string theory 
model that could describe our four-dimensional world. Especially interesting are 
the so called warped compactifications. Such compactifications were first discovered 
for the heterotic string in [15] and [16] and were later generalized to warped com- 
pactifications of M-theory and F-theory in [17, 18, 19]. In these compactifications 
tensor fields acquire non- vanishing expectation values, while leaving supersymmetry 
unbroken. The compactification generates scalar fields in the low-energy effective 
supergravity theory, the so called moduli fields. The vacuum expectation values of 
the moduli fields characterize the vacuum. If the compactified theory contains no 
scalar potential, the moduli fields can take any possible values and the theory loses 
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its predictive power because the vacuum is undetermined. However, it was realized 
in [5, 7, 8, 19, 20] and [21] that for string theory and M-theory compactifications 
with non-vanishing fluxes a scalar potential emerges, which stabilizes many of the 
moduli fields. More specifically, the restrictions imposed by supersymmetry on the 
fluxes lead to constraints on the moduli fields of the theory and most of these moduli 
fields will be stabilized, hence the number of possible vacua is reduced. 

In this thesis we would like to consider warped compactifications of M-theory 
on a smooth and compact Spin(7) holonomy manifold. As we have mentioned be- 
fore the resulting action has an A/" = 1 supersymmetry in three dimensions and it 
is interesting from several reasons. First of all these theories are closely related to 
four-dimensional counterparts with completely broken supersymmetry. This is be- 
cause they can not be obtained by a dimensional reduction from a supersymmetric 
four-dimensional theory^, thus one might understand the mechanism of A/" = 1 su- 
persymmetry breaking in four dimensions by studying the three-dimensional theory 
with A/" = 1 supersymmetry. Also, because the string world-sheet is two-dimensio- 
nal one expects to observe interesting phenomena upon compactification of string 
theory to two dimensions [9] and for this reason three-dimensional compactifications 
of M-theory are attractive. Another strong reason to pursue a serious analysis of 
M-theory on such a background is the close relation which exists between manifolds 
with Spin(7) holonomy and manifolds with G2 holonomy. We would like to remind 
the reader that M-theory compactified on manifolds with G2 holonomy generates 

^Thc minimal supersymmetric theory in four dimensions compactified on produces a three- 
dimensional theory with J\f = 2 supersymmetry. 

4 



a minimal supersymmetric theory in four dimensions which is appeahng from a 
phenomenological point of view. 

As well, models with M = 1 supersymmetry in three dimensions are interest- 
ing in connection to the solution of the cosmological constant problem along the 
lines proposed by Witten in [22] and [23] and exemplified in the three-dimensional 
case in [24]. The basic idea of this proposal is that in three dimensions supersym- 
metry can ensure the vanishing of the cosmological constant, without implying the 
unwanted Bose-Fermi degeneracy. However, this mechanism does not explain why 
the cosmological constant of our dimensional world is so small, unless there is a 
duality between a three-dimensional supersymmetric theory and a four- dimensional 
non-supersymmetric theory of the type that we are discussing. So, M-theory com- 
pactifications on Spin(7) holonomy manifolds allow us to address the cosmological 
constant problem from a three-dimensional perspective. 

In general, due to membrane anomaly [25, 26, 27] and the global tadpole 
anomaly [18], the compactification of M-theory on eight-dimensional manifolds in- 
volves the presence of a non- vanishing flux for the field strength [17]. The super- 
symmetry imposes restrictions on the form of the field strength flux. In the Spin(7) 
holonomy case the restrictions imposed to the flux were derived in [28] . It was later 
shown in [29] and [30] that these constraints can be derived from certain equations 
which involve the superpotential 

W = DaW = (1.2) 

where DaW indicates the covariant derivative of W with respect to the moduli 
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fields which correspond to the metric deformations of the Spin(7) holonomy mani- 
fold^. We want to note that the compactness of the internal manifold was essential 
in the analysis performed in [29] and [30]. In the present paper we restrict ourselves 
to manifolds with Spin(7) holonomy which are smooth and compact^. However, as 
stated in [29], the result obtained using (1.2) is valid for non-compact manifolds as 
well but the proof does not involve the above equations. The existence of a Ricci 
fiat metric for such manifolds is not guaranteed as in the Calabi-Yau case, there- 
fore we will tacitly suppose that there are such metrics and we will perform all the 
derivations under this assumption. Even if we will be concerned only with compact 
manifolds which have Spin(7) holonomy we would like to mention a few papers, such 
as [31, 32], where non-compact examples of such manifolds have been constructed 
and analyzed. Also in [33] aspects of topological transitions on non-compact man- 
ifolds with Spin(7) holonomy and phase transitions have been considered. A more 
complete list of papers regarding M-theory on singular manifolds with exceptional 
holonomy can be found in [34] which is a recent review of the subject. 

In this thesis, we calculate the Kaluza- Klein compactification of M-theory on 
a Spin(7) holonomy manifold with non-vanishing fluxes. Our calculation is similar 
to that of [20], which has been done in the context of M-theory compactifications 
on conformally Calabi-Yau four-folds. We will see that the resulting scalar potential 
leads to the stabilization of all the moduli fields corresponding to deformations of the 
internal manifold, except the radial modulus. This scalar potential can be expressed 

•^In the previously mentioned papers the external space is considered to be Minkowski, 
compact manifold with Spin(7) holonomy is simply connected. For details see [1]. 
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in terms of the superpotential which has appeared previously in the hterature [6, 29] 
and [30]. 

This thesis is based on our recent results published in [30, 35] and [36]. However 
several additions were necessary in order to present the results in a logical fashion. 
In what follows we present the structure of this thesis. 

In chapter 2 we study the possible solutions of the equations of motion of 
M-theory on a warped geometry with a Spin(7) holonomy internal manifold. We 
start by introducing in section 2.1 the M-theory action and we define the quartic 
polynomials which define the quantum correction terms. In section 2.2 we derive 
perturbatively the form of the equations of motion and we discuss the Ricci flatness 
problem of the internal manifold. In section 2.3 we have collected some of the most 
important properties of the above mentioned quartic polynomials. 

Chapter 3 is devoted to the derivation of the low energy effective action that 
emerges from M-theory compactification on Spin(7) holonomy manifolds in the pres- 
ence of non-zero background flux for the field strength. We start in section 3.1 with a 
simpler situation with the compacification of the theory without background fluxes. 
In section 3.2, we take the fluxes into account and derive the complete form of the 
bosonic part of the action. In this way we are able to identify the scalar potential 
which arises in the compactified theory due to the inclusion of fluxes. 

Some of the vacua emerged from compactification which were found in chap- 
ter 2 are candidates for supersymmetric solutions and they correspond to a minimal 
supergravity theory in three dimensions. The conditions which lead to a supersym- 
metric background can be derived by knowing the three-dimensional supergravity 
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theory. Also, the analysis of the properties of these solution requires the knowledge 
of the above mentioned supergravity. Hence, chapter 4 is dedicated to the derivation 
of the most general off-shell three-dimensional M = 1 supergravity action coupled 
to an arbitrary number of scalars and U{1) gauge fields. In section 4.1, we present 
the algebra of supercovariant derivatives which describes the superspace geometry. 
We then discuss Ectoplasmic integration, the technique used to calculate the density 
projector, which is required to integrate over curved supermanifolds. In section 4.2, 
we solve the Bianchi identities for a super three-form subject to the given algebra 
required for Ectoplasmic integration. In section 4.3, we detail the use of Ectoplasm 
to calculate the density projector. In section 4.4, we complete the supergravity 
analysis by first deriving the component fields and then calculating the component 
action. We end the analysis by giving the supersymmetry transformations for the 
component fields and putting the component action on shell, i.e., we remove the 
auxiliary fields by their algebraic equations of motion. 

Chapter 5 contains our main analyses of the topic. Rather than computing 
first the scalar potential and from there obtaining the superpotential, we compute 
in section 5.1 the superpotential directly by a Kaluza-Klein compactification of the 
gravitino supersymmetry transformation. We illustrate this idea in section 5.1.1 
in the case of M-theory compactified on a Spin(7) holonomy manifold and in sec- 
tion 5.1.2 we compute the superpotential for the heterotic string compactified on a 
Calabi-Yau three-fold. In section 5.2 we determine the form of the scalar potential 
generated for the moduli fields by the field strength flux. We conclude that most 
of the moduli fields are stabilized but the radial modulus remained unconstrained. 
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We also show that the result obtained at the end of chapter 3 is a particular case 
of the more general construction of chapter 4. Based on (1.2) and using the form 
(1.1) for W, we derive in section 5.3 the conditions imposed on the internal flux 
by a supersymmetric solution and we investigate the conditions under which the 
supersymmetry is broken dynamically by the internal flux. 

Our concluding remarks are presented in chapter 6. We give a summary of 
our results and comment on the physics implied by the explicit form of the scalar 
potential. We conclude this section with some open questions and directions for 
future investigations suggested by our findings. 

Finally, details related to our calculations are contained in the appendices. In 
appendix A, we provide the conventions used in this thesis as well as some useful 
identities and small derivations of results which were used in different sections of 
this work. In appendix B, we provide the conventions used in chapter 4 and we 
provide various derivations and check procedures needed in the previously mentioned 
chapter. In appendix C, we provide relevant aspects related to manifolds with 
Spin(7) holonomy which were used in some parts of our computation. 
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2. M-THEORY VACUA 



In this chapter we find all the vacua generated by a warped compactification of 
M-theory on compact eight-dimensional manifolds with Spin (7) holonomy in the 
presence of a non-zero fiux for the field strength. We will take into consideration 
all the known terms in the low energy effective action up to the order k-^^^ , where 
Kii is the eleven-dimensional gravitational coupling constant. Not all the terms in 
the effective action are known to this order. Therefore we will need a criterium to 
consistently eliminate the contribution to the equations of motion that comes from 
these unknown terms. Terms like F^B? are known to appear in the ^ii^^ order [37] 
but they are suppressed in the large volume limit [38], which is the most realistic 
compactification scenario. In this limit the "radius" of the internal manifold^ is much 
bigger than the eleven- dimensional Planck length and because of this property their 
ratio generates a big number. It is natural to consider as the key ingredient for our 
analysis a perturbative series expansion in terms of the above defined ratio. The 
most obvious ansatz is to consider the leading order of the internal metric to be 

^Thc "radius" of the manifold is nothing else but the characteristic length (the average size) of 
the manifold. 
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proportional to the square of this dimensionless parameter. If we restrict ourselves 
to the first few orders of this perturbative expansion we can exclude the contribution 
that comes from the above mentioned unknown terms. We would like to mention 
that such a large "radius" expansion for the case of a Calabi-Yau manifolds was 
previously considered in [39] and [40]. 

This chapter is organized as follows. In section 2.1 we introduce the low 
energy effective action of M-theory with all the known leading quantum correction 
terms. Also we carefully define the quartic polynomials in the Riemann tensor, that 
enter in the definition of the quantum correction terms. In section 2.2 we analyze 
perturbatively the equations of motion and we derive conditions that have to be 
satisfied by the internal background flux in order to have a valid solution. Also 
at the end of section 2.2 we argue that in general the internal manifold looses its 
Ricci flatness once the quantum correction terms are taken into account. However 
we show that the manifold remains Ricci flat if a certain condition is satisfied by 
the warp factors. This relation is rather important because it shows under what 
conditions we obtain a supersymmetric solution after compactification. In section 
2.3 we discuss some of the properties of the quartic polynomials Eg, Jq and Xg. 
These properties are used throughout our analysis presented in section 2.2 and we 
have considered it is useful to have them listed in a separate section. In particular 
in sub-section 2.3.2 we prove that Jo vanishes on a Spin(7) background and we also 
derive a compact expression for the first variation of Jq with respect to the internal 
metric. At the end of sub-section 2.3.2 we compute an elegant formula for the trace 
of the first variation of Jq. 

11 



2.1 The Low Energy Effective Action 

For completeness we introduce in this section the bosonic truncation of the ele- 
ven-dimensional supergravity action along with its known correction terms. The 
effective action for M-theory has the following structure 

S = So + Si + ... . (2.1.1) 

In the above expression 5*0 represents the bosonic truncation of eleven- dimensional 
supergravity [41] and 5*1 represents the leading quantum corrections term. Sq is of 
order n^^, Si is of order Hii^^ and the ellipsis denotes higher order terms in kh. 
The explicit expressions of Sq and 5*1 are 



So 



! d^^x^/^iR ^/ (FA*F + |CAFAF) , (2.1.2a) 

2/^11 J Mil ^'^11 J Mil 

Si = -T2f CAXs + hT^f rfi^Xv/=^(Jo-|^8)+..., (2.1.2b) 

J Mil J Mil 

where gn is the determinant of the eleven-dimensional metric of Mn, F = dC is 
the four-form field strength of the three-form potential C and hi is a constant 

T2 is the membrane tension and it is related to the eleven- dimensional gravitational 
coupling constant by 

27r2^ 



^11 

Xs is a differential form of order eight whose components are quartic polynomials 
in the eleven-dimensional Riemann tensor 

^8(^11) = TT^TT^ ^Tr7^^ - i {Trn'f] , (2.1.5) 



192 (27r)4 
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where TZij = \Rijki A e' is the curvature two-form written in some orthonormal 
frame e*. Furthermore, and Jo are also quartic polynomials of the eleven- dimen- 
sional Riemann tensor and have the following expressions [42] 

(A/T \ — 1 s,ABCKhN^...MiNi jdM[N[ U^'^N'^ icy i c\ 

i^AMxx) - - 3! ^ ABCM[N[...M'^N'^ ^ ^ M^N^ • • • -K ^ M^Ni , [Z.i.b) 

+ \Es{Mn). (2.1.7) 
The tensor t is defined by its contraction with some antisymmetric tensor A 

^M,...Ms^^^^^ . . . Am.Ms = 24TrA^ - GiTiA'f . (2.1.8) 

More details regarding the properties of polynomials Eg, Jq and Xg can be found in 
section 2.3. 

2.2 The Equations of Motion 

In this section we perform a perturbative analysis of the equations of motion and 
we derive the conditions that the internal flux has to satisfy in order to have a valid 
solution. We conclude this section with a discussion about the way the internal 
manifold gets deformed under the influence of higher order correction terms. 

The equation of motion which follows from the variation of action (2.1.1) with 
respect to the metric is 



Rmn{Mu) - ^gMNR{Mn) - y^Tmn 



-(3- 



l 5_ 
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-g{Jo - ^Es) 



(2.2.1) 



where Tmn is the energy momentum tensor of F given by 

Tmn = Fmpqr Fn^^^ — I qmn FpQRs F^^^^ , (2.2.2) 

and we have set j3 = 2n\^hiT2. We have hsted in appendix A. 2 the expressions for 
the external and internal energy-momentum tensor. Also in the above mentioned 
appendix we provide the results obtained for the external and internal components 
of the term in right hand side of the Einstein equation (2.2.1). 

Without sources the field strength obeys the Bianchi identity 

ciF = 0, (2.2.3) 

and the equation of motion 

d*F = \f AF + ^X^. (2.2.4) 

The metric ansatz is a warped product 

ds^ = guN dX^^ dX^ = ^^^(x, y) dx^'dx" + gmn{y) dy"'dy'' 

= e'^(^) r/^.(x) dx^dx" + e2^(^) g^M dy'^dy^ , (2.2.5) 
where rj^^ describes a three-dimensional external space M3 and gmn is a Spin (7) 
holonomy metric of a compact manifold Mg. As usual the big Latin indices M, TV 
take values between and 10, the Greek indices /i, v take values between and 2 
and small Latin indices m, n take values between 3 and 10. Also, X'^^ refers to the 
coordinates on the whole eleven- dimensional manifold Mn, x^ are the coordinates 
on M3 and y"^ are the coordinates on Mg. We want to note that Mu is the direct 
product between M3 and Mg only in the leading order approximation. 
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In what follows we introduce a dimensionless parameter "t" defined as the 
square of the ratio between Ig, the characteristic size of the internal manifold Mg, 
and Zii which denotes the eleven- dimensional Planck length 

t=(^y»l, (2.2.6) 

where is given by 

(^8)'= / Av^, (2.2.7) 

J Ms 

and we have considered the large volume limit for Mg, which means that /§ ^ In. 
We will suppose that all the fields of the theory have a series expansion in "t" 
and we will analyze the equations of motion order by order in the "t" perturbative 
expansion. The main ansatz is to consider that the metric of the internal compact 
space Mg has the following series expansion in "t" 

gmn = t [g^'^]mn + [^7^°^]„^„, + . . . . (2.2.8) 

Thus the inverse metric is 

gmn ^ ^-l[^(l)]™.n ^ t"2j^{2)|mn ^ _ _ _ ^ ^2.2.9) 

where the above expansion coefficients are derived in appendix A. 2. It is obvious 
now that the Riemann tensor, the Ricci tensor and the Ricci scalar of the internal 
manifold Mg will have a series expansion in "t" of the form 

R^mUMs) = [R^'^m^n + t~'[R^'^]\^,^ + . . . , (2.2.10a) 

Rmn{Ms) = [R^^^Un + t~'[R^'^Un + ■.■: (2.2.10b) 

R{Ms) = t-^R^^^ + t-^R^^^ + . . . , (2.2.10c) 
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where the coefficients in the above expansions can be determined in terms of the 
expansion coefficients of gmn and f?™"" and their derivatives. It is not so obvious at 
this stage of computation that the right ansatz for the warp factors is 

A = t-^A^^^ + ... ^ = l+t-^A^^^ + ... , (2.2.11) 

and similarly for B. The motivation for this ansatz comes from the fact that the 
internal Einstein equation receives contributions from the quantum correction terms 
in the order of perturbation theory. It is natural to suppose that the effect of 
warping appears at the same order in the equations of motion to compensate for 
this extra contribution. 

The Poincare invariance restricts the form of the background flux F to the 
following structure 

F = Fi + F2 , (2.2.12) 
where Fi is the external part of the flux 

^^1 = ^1 ef..p Nmfiy)] dx'' A dx" A dxP A dy"" , (2.2.13) 

and F2 is the internal background flux 

= ii F^^p,{y) dy"' A df' A dy^ A dy'^ . (2.2.14) 

We also expand the coefficients / and Fmnpq in a power series of t 

/ = /^°^+t"¥'^ + ..., (2.2.15) 

and 

F = F^°^ +f~^F^^^ + f2 2 16) 

J- mnpq J- mnpq ' ^ mnpq ^ ■ ■ ■ ■ ^^z,.z,.±u; 
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Taking into account that the three-dimensional external space described by ?7^jy 
is not at all influenced by the size of the eight-dimensional manifold Mg described 
by Qmn, all the quantities that emerge from the metric 77^,^ are of order zero in 
an expansion in "t", in other words all these quantities are independent of the 
scale "t". The external manifold suffers no change due to the deformations of the 
internal manifold and 7]^^, generates the same equations of motion as in the absence 
of fluxes and without the quantum correction terms. The zeroth order of the external 
component of equation (2.2.1) reads 

R^^iM^) - \r,^,R{M^) = 0, (2.2.17) 

therefore 

i?;..(M3) = 0, (2.2.18a) 

/2(M3)=0, (2.2.18b) 

which means that the external space is Minkowski^. However our result does not 
eliminate the possibility for an AdS^ background in the case when membranes are 
included in the analysis (see e.g. [43]). 

A careful analysis of the internal and external Einstein equations to orders 
no higher than and respectively, reveals that the internal manifold remains 
Ricci flat to the order in perturbation theory 

d(0) ^ d(1) ^ d(2) ^ q 2 19) 

^In three dimensions the Riemann tensor is proportional to the Ricci tensor. 
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and the Ricci scalar vanishes to the t ^ order 

= i?(2) = i?(3) = . (2.2.20) 

These results are natural because we expect to observe deformations of the internal 
manifold starting at the t^^ order since the quantum correction terms are of this 
order of magnitude in an expansion in "t" and in addition the warp factors were 
chosen to be of the same order of magnitude. As a matter of fact, to order t"^ even 
the warping has no effect and the eleven- dimensional manifold is a direct product 
between M3 and Mg. 

We can also derive from the equation of motion (2.2.4) that the covariant 
derivative of the external flux vanishes to order 

V^/(°) = V™/(^) = V^/(2) = . (2.2.21) 

Collecting these facts we are left with the following field decomposition for Vm/, 
Rmn{Ms) and R{Ms) 

V^/ = t-^V^f'^ + t-'V„/(^) + . . . , (2.2.22a) 
RmniMs) = R^^i + t-^R^± + ..., (2.2.22b) 
R{Ms) = t-^R^^'^ + ... . (2.2.22c) 

To order the external component of the equation of motion (2.2.1) has the 
following form 

i?(4)_4A(i)A(3)-i4A«fi(=')-^ 

where we have introduced the Laplacian 

A« = V^V„, (2.2.24) 
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+ lPEi'\Ms) = 0., 



(2.2.23) 



and 

y^''] ' = [g'^r' [g^'T [g^'Y-' {g^'T' f^^,,, . (2.2.25) 

We note that the right hand side of (2.2.1) has been evaluated on the un-warped 
background because to this order the warping is not felt by that term. To order 
in perturbation theory the trace of the internal Einstein equation has the following 
form 

3[i?(^) - 7A(^M(3) - 14A(^)5(3)] = 2^^/3 A(^) (Mg) . (2.2.26) 

Eliminating the R^^^ term from equations (2.2.23) and (2.2.26) we obtain an equation 
for the warp factor A^^^ and the leading order term of the internal flux Fg^"* which 
is defined below 



3A(i)A(3) - X 



-^2 



-i/34')(M8)-2^^/5AWFf (^s) = 0. (2.2.27) 

The equation of motion for the external flux at the order is [40] 

A(^)/(3) _ Ff + I (3Ei'\Ms) = , (2.2.28) 

where the Hodge -k^^^ operation is performed with respect to the leading order term 
[fi'*'^'']mri of the internal metric. If we subtract (2.2.28) from (2.2.27) and integrate^ 

the resulting expression we obtain that Fg''^ is self dual with respect to operation 
■^The integration is performed on a manifold which we have denoted Mg, whose metric is 
[g^^^]mn- In some sense we can think of [g'^^^]mn as being the undeformed Spin(7) holonomy metric 
and the next order term [g^''^]„m being the deformation from the exceptional holonomy metric. 
Hence Mg can be thought as the undeformed Spin(7) holonomy manifold. We also want to note 
that E^'^\Ms) is the Euler integrand of A/g. 
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= Ff . (2.2.29) 

The leading order term of the internal flux Fg^"* is a four-form deflned on Mg 

^2^ = i^mnpg ^x"^ ^ d^'" ^ ^x'^ A dx"? , (2.2.30) 

where x' are the coordinates of Mg. Also, F^'^ satisfles 

i^f AFf = ^X8', (2.2.31) 



Jm', ' ' 24 

where Xs ' is the Euler character of Mg. The last relation is obtained from integrating 
out the equation (2.2.28) and considering that the internal flux is self dual. The 
condition (2.2.31) is nothing else but the perturbative leading order of the global 
tadpole anomaly relation^ that the internal flux has to obey when compactiflcations 
of M-theory on eight- dimensional manifolds are taken into consideration [18]. 

The difference between equations (2.2.28) and (2.2.27) together with the self 
duality condition (2.2.29) of the internal flux produces an equation which relates 
the warp factor A to the external flux 

A(i) -3^(3) + 2i^/3Ff^(M8)] =0. (2.2.32) 

Also the self-duality of the internal flux implies the vanishing of the following ex- 
pression 

[F^'^Ubc [F^'V" - \ [g^X^n [F^Xbc [F^'Y'' = , (2.2.33) 



"'We remind the reader that we have not considered space-filhng membranes in our calculations. 
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where the details of the derivation are provided in appendix B of [44]. Therefore we 
are left with the following form for the internal Einstein equation to the order 
in perturbation theory 

i?E-|^?^l^^'^+3[^?(i)AW-V„V„](A + 2i?)(3)+/3 =0, (2.2.34) 



SgmnJ 

where 6Y/6g^"' and its trace are computed in section 2.3.2. The internal manifold 
remains Ricci-flat only under a very specific condition. To determine this condition 
we replace in (2.2.34) the expression for the perturbative coefficient of the Ricci 
scalar R^^^ obtained from (2.2.26) 



(4) 



(2.2.35) 



and we recast (2.2.34) in the following form 



Jli3) + 1 .(1) 



6Y 



ah 



(4) 



-3A(^) {A + 2B) 



(3) 



+ 



-3V„V„(A + 25)(3) 



0. 



(2.2.36) 



One quick way to obtain a supersymmetric theory after compactification is to ask 
for Ricci flatness of the internal manifold. Of course this requirement is not the most 
general one but in this way we can preserve for example the exceptional holonomy of 
the internal manifold. Ricci flatness of Mg is not the whole story and we will see in 
chapter 5 that the internal flux has to satisfy restrictive conditions as well if we want 
a supersymmetric solution. Therefore, it is natural to look for vanishing solutions 
of (2.2.36). Now it is easy to see that Ricci flatness to this order in perturbation 
theory requires that 



(2.2.37) 
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which is a strong constraint on the warp factors and the Y polynomial. To simplify 
the problem and to find cases where equation (2.2.37) is satisfied one fixes 

A + 2B = 0, (2.2.38) 

which leaves us with only one warp factor. Hence we are left with the problem of 
finding suitable internal manifolds for which the first variation of the polynomial 
Y vanishes. As explained in [45], even if the polynomial Y vanishes because of the 
exceptional holonomy of the internal metric its first variation does not vanish in 
general. 

Our analysis in chapter 3 assumes (2.2.38) and takes into consideration only 
manifolds for which the right hand side of (2.2.37) is zero. We would like to note 
that the above assumptions simplify relation (2.2.32) to 

Ad) [/(3)_3A(3)] =0. (2.2.39) 

This happens because the Laplacian of is proportional to the trace of the variation 
of Y which vanishes according to (2.2.37). This shows clearly that the external 
flux controls the warping and with appropriate boundary conditions one obtains 
/'•^) = 3A^^\ which, according to [46], is exactly the condition for a supersymmetric 
solution to this order in perturbation theory. However, we will see in chapter 5 
that this is not the whole story and one has to impose additional conditions on the 
internal flux for a supersymmetric background. 

We can conclude that the internal manifold gets modified at the order in 
perturbation theory in the sense that in general it looses its Ricci flatness unless the 
very restrictive constraint (2.2.37) is satisfied. 
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2.3 Some Properties of the Quartic Polynomials 

In this section we look at some of the properties related to the quartic polynomials 
in the Riemann tensor which appear in the low energy effective action of M-theory. 
More precisely we will derive several relations obeyed by the polynomials which 
appear in the definition (2.1.2b) of 5*1. There are three different subsections, one for 
each of the polynomials Eg, Jq and Xg, respectively. We want to emphasize that all 
the properties of these polynomials are computed on an undeformed background, i.e., 
our background is a direct product M3 x Mg with M3 being maximally symmetric and 
Mg being a Spin(7) holonomy manifold. Obviously the warping and the deformation 
of the background will correct all the relations derived in the following subsections 
but these corrections are of a higher order than and we can neglect them as our 
analysis stops at this order in perturbation theory. 

2.3.1 Properties of the Eg Polynomial 

Let us focus now on the properties of the quartic polynomial -Eg defined in (2.1.6) for 
an eleven-dimensional manifold. As in [42] we generalize its definition by introducing 
a polynomial -E'„(M£)) for any even n and any D -dimensional manifold Mjj [n < D) 
as follows 

E^Mn) = ± i?^^^^M,M. • • • i?^"-^"M„_,M„ , (2.3.1) 

where the indices take values from to — 1 and the corresponds to the 
Euclidean signature and the "— " corresponds to the Lorentzian signature. As we 
have mentioned at the beginning of section 2.3, Eg is computed on a direct product 
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manifold Mu = M3 x Mg, therefore we have [20] 

Es{Ms X Ms) = -EsiMs) - %R{M^)E^{M^) = -E^{M^) , (2.3.2) 

where R^M^) is the Ricci scalar for the external manifold which is zero in our case. 
If n = D in formula (2.3.1) then £'„(M„) is proportional to the Euler integrand of 
M„. In particular for E^{M^) we have that 

/ E,{M,)^d'y=^, (2.3.3) 

where Xs is the Euler characteristic of Mg. If the manifold Mg has a nowhere- 
vanishing spinor, £'g(Mg) and Xg(Mg) are related in the sense that their integrals 
over Mg are proportional to the Euler characteristic of Mg. The details of this 
correspondence are provided in section 2.3.3. The variation of -E'g(Mg) with respect 
to the internal metric can be derived using the definition (2.3.1) or much easier from 
(2.3.3) to be 

^f<^*^ = -i<,'""E8(A«. (2.3.4) 
therefore the trace of the variation is 

gm J^f^'^ =-4Es{Ms). (2.3.5) 

We want to note that the variation of Eg given in (2.3.4) is of order whereas its 
trace (2.3.5) is of order t~^. Finally, for further reference, we provide the perturbative 
expansion for £'g(Mg) and -E'6(Mg) 

^;8(M8) = r^Es^'^^Ms) + . . . , (2.3.6a) 
Ee(Ms) = t-^E,^'\Ms) + ... . (2.3.6b) 
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2.3.2 Properties of the Jq Polynomial 

In this subsection we look closely at the properties of the quartic polynomial Jq 
defined in (2.1.7). We particularize the background to be Spin(7) holonomy compact 
manifold and we compute the value of Jq integral on such a background. We will 
also calculate the first variation of Jq with respect to the internal metric and the 
trace of its first variation. 

As we will show, for a Spin(7) holonomy manifold the integral of the quartic 
polynomial Jq vanishes. Below we provide the detailed proof of this statement. The 
essential fact that constitutes the basis of the demonstration is the existence of the 
covariantly constant spinor on a compact manifold which has Spin(7) holonomy. 

The quartic polynomial Jq can be expressed as a sum of an internal and an 
external polynomial [20]. Furthermore, these polynomials can be written only in 
terms of the internal and external Weyl tensors [47, 48]. Since the Weyl tensor 
vanishes in three dimensions we are left only with the contribution from the internal 
polynomial 



Because the internal manifold has a nowhere-vanishing spinor, the integral of the 
remaining internal part can be replaced by the kinematic factor which appears in 
the four-point scattering amplitude for gravitons, as explained in [49] 



where we have denoted the kinematic factor by Y. As a matter of fact Jq represents 
the covariant generalization of Y and the modifications of the equations of motion 




(2.3.7) 




(2.3.8) 
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are given in terms of Y and its variation with respect to the internal metric. This 
kinematic factor was written in [45] as an integral over 5*0(8) chiral spinors^ 

Y = j dlljL dijR eMRahmn T'^' T"^" V'ii) , (2-3.9) 

where (2.3.9) is evaluated using the rules of Berezin integration. As argued in [45], 
Y is zero for Ricci-flat and Kahler manifolds, but for general Ricci-flat manifolds it 
does not necessarily have to vanish. In our case, the 8^ of SO {8) decomposes under 
Spin (7) as 7©1. The singlet in this decomposition corresponds to the Killing spinor 
rj of the Spin(7) manifold. If the holonomy group of the eight-dimensional manifold 
is Spin(7) and not some proper subgroup, then the covariantly constant spinor 7] is 
the only zero mode of the Dirac operator, as proved in [1]. Moreover, the parallel 
spinor obeys the integrability condition (e.g. see [50]) 

i?afe^nr"^"^ = 0, (2.3.10) 

therefore the integrand of (2.3.9) does not depend on the Killing spinor r] and implies 
the vanishing of Y for Mg with Spin(7) holonomy 

Y = for Hol[^(Af8)] = Spin{7) , (2.3.11) 

which implies the vanishing of the integral (2.3.7). It has been shown in [51] that Y 

vanishes in the G2 holonomy case as well. The Calabi-Yau case is another example 

where the polynomial Y' vanishes [45]. The fact that the manifold is Ricci-fiat and 

Kahler ensures the existence of the covariantly constant spinors, which is sufficient 

to imply y = as explained in [52]. We conclude that the integral of Jq vanishes if 
^The eight-rank tensor "i" that appears in [45] is different from our convention. 
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the internal manifold admits at least one covariantly constant spinor, in particular 
it vanishes for an internal manifold which has Spin (7) holonomy. 

In what follows we will derive the first variation of Y with respect to the 
internal metric. One can use (2.3.9) to compute the variation of Y and the following 
result is obtained [51] 

^pj7j8^^^^^ Rj^^j^^j^j^ Ri^i^j^j^ Ri^igj^jf^ SRi^igj^jg . (2.3.12) 
Because the internal manifold has a nowhere vanishing spinor we can transform from 
the spinorial representation to the vector representation 8v of 50(8). From [50] we 
have the following relation between these representations 

= -z{f]T'')o.r , (2.3.13) 

where rj is the unit Killing spinor. After performing the change of representation in 
(2.3.12) and using the identity (A. 1.28) and relation (A. 1.32) we obtain 

5Y = -2^5 ^k,ksm,ms V,,V,Msjs , (2.3.14) 

where we have introduced 

^ mn — ^ mn + ^mn ' (2.3.15) 

Q being the Cayley calibration of the Spin(7) holonomy manifold Mg. To provide 
a perturbative expansion for Q we have to remember that the volume Vms of 
internal manifold Mg can be expressed in terms of the Cayley calibration 

J nA^n= UVms, (2.3.16) 
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hence the Cayley cahbration perturbative expansion is 

^mnpr = t ^l^^^j. + t ^l^J^pj. + . . . . (2.3.17) 

The polynomial ^^^^fegmTms jg (^^j^jj^ eight-dimensional Riemann tensor and it 

is defined by 

k-jkg,mTms \ \—l ^a-i-'-aak-jka b\---be,mTms f? f? T} (9 18^ 

^ \y\ ^ ^ -'i-ai 02 6162 -^03(146364 -^fis fief's ''6 ■ y^.o.ioj 

It is obvious that the perturbative expansion of z"^"^^^ has the following form 

^mnpr ^ ^-5 ^^(5)p"f- ^ ^ _ _ (2.3.19) 

Finally we determine the expression of the first variation of Y with respect to 
the internal metric 



—■ ■ —■ ■ 



which contributes to the internal Einstein equation. It is obvious that the leading 
order of (2.3.20) is t~^, i.e., the leading order of ^'""p^. However the term SY/Sg^^ 
which appears in the equation of motion (2.2.1) is of order t~^. In other words, is 
the order at which the equations of motion receive contributions from the quantum 
correction terms. As we have explained in section 2.2, it is natural to suppose that 
the warping effects are visible to the same order in the perturbation theory and this 
is why we have considered the ansatz (2.2.11). 

In addition we also need the trace of (2.3.20) with respect to the internal 
metric. We provide in what follows the main steps of the derivation. We begin the 
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computation by using the definition (2.3.15) for Q and we obtain that 
6Y 



a- ■ " = -2^^ 



+ 4S/''V,{zan!"^) ] . (2.3.21) 
We denote the first, the second and the third terms in the square parentheses of 

(2.3.21) with Ti, T2 and T3, respectively. Using (A. 1.31), Ti can be rewritten as 

Ti = 2A (z^,"^") + A (fi ■ ^) 

- 2 (VaV" + V'Va) (1^ ■ ^) - 4V'^V6 [zaJ"^) , (2.3.22) 
where A = VaV° is the Laplacian and f2-2; is a short notation for the full contraction 

between the Cayley calibration Vt and the z polynomial. The sum of the second and 

the third terms in (2.3.21) can be rewritten as 

T2 + T3 = 2 (VaV + V'Va) {n-z) . (2.3.23) 

It was noted in [46] that 

n-z = 0, (2.3.24) 
therefore we obtain an elegant and compact expression for the trace of (2.3.20) 

9mn'? — 2 I\z^^ . (2.3.25) 

With the observation that 

z™„"^" = 2E6(M8), (2.3.26) 

the result (2.3.25) can be expressed as 

bY 

9mn-. = -2'' A E,{M^) , (2.3.27) 
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where Eq{Ms) is given by (2.3.1) for n = 6 and D = 8. It is very interesting to 
note the similarity of formula (2.3.27) with the corresponding one for Calabi-Yau 
manifolds [40] . We also want to emphasize that the shift of the Cayley calibration 
toward Q is exactly what is needed in order to obtain the simple form of the trace 
given in (2.3.27). A simple analysis of formula (2.3.27) reveals that the trace of the 
first variation of Y is of order 

^7™„/^ = -2^'A«Ef (M8)t-^ + ... , (2.3.28) 

where E^^\Ms) was introduced in equation (2.3.6b) and A'^-* was defined in (2.2.24). 

2.3.3 Properties of the Xg Polynomial 

The integral of Xs{Mq) over an eight-dimensional manifold Mg is related to the 
Euler characteristic xs of the manifold if Mg admits at least one nowhere vanishing 
spinor 

/ XsiMs) = -^. (2.3.29) 

J Ms '^^ 

In our calculation Mg has Spin (7) holonomy, so there is a Killing spinor on Mg and 
therefore we can use the above property in our derivations. 

In what follows we will justify the relation (2.3.29). The eight-form Xg is 
defined by relation (2.1.5) and can be expressed in terms of the first two Pontryagin 
forms Pi and P2 

Pl = -^Tr7^^ (2.3.30a) 
^ [(Tr7^2)2-2Tr7^^], (2.3.30b) 



1287r 
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as follows 



^8 = 77^ 




(2.3.31) 



where TZ is the curvature two-form. The existence of a covariantly constant spinor 
on a Spin (7) holonomy manifold means that we have a nowhere vanishing spinor 
field on the eight-dimensional manifold. It has been shown in [49] that under these 
circumstances there is a necessary and sufficient condition which relates the Euler 
class and the first two Pontryagin classes of the manifold 



where e is the Euler integrand of Mg. Hence, the eight-form Xg is proportional to 
the Euler integrand of Mg 



2 8^ 



0, 



(2.3.32) 



Xs{Ms) 



1 



e{Ms) , 



(2.3.33) 
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and from here the relation in (2.3.29) follows immediately. 
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3. COMPACTIFICATION OF M-THEORY ON SPIN(7) 
HOLONOMY MANIFOLDS 



In this section, we perform the compactification of the bosonic part of M-theory ac- 
tion on a Spin(7) holonomy manifold Mg. Since Spin(7) holonomy manifolds admit 
only one covariantly constant spinor, we will obtain a theory with M = 1 supersym- 
metry in three dimensions. We use the following assumptions and conventions. The 
eight-dimensional manifold Mg is taken to be compact and smooth. As seen before 
in chapter 2 we shall assume the large volume limit in which case the size of the 
internal eight-manifold Im^ = (Va/s)^''^ is much bigger than the eleven- dimensional 
Planck length In. Here Vms denotes the volume of the internal manifold. 

It was shown in [17, 18, 28] that compactifications of M-theory on both con- 
formally Calabi-Yau four-folds and Spin (7) holonomy manifolds should obey the 
tadpole cancelation condition 



where F2 is the internal part of the background flux, xs is the Euler characteristic of 
the internal manifold and represents the number of space-time filling membranes. 




(3.1) 
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We have slightly changed the notation in the sense that a symbol with a "hat" 
above it denotes the corresponding background value, kh is the eleven-dimensional 
gravitational coupling constant, which is related to the membrane tension T2 by 



Equation (3.1) is important because it restricts the topology of the internal mani- 
fold as the Euler characteristic is expressed in terms of the internal fluxes. In our 
computation, we consider the case = 0, in other words the Euler characteristic of 
the internal manifold depends only on the internal flux and we have no membranes 
in our analysis. Under this assumption, in the case when the background fluxes 
are zero, i.e. F2 = 0, the tadpole cancelation condition (3.1) restricts the class of 
internal manifolds to those which have zero Euler characteristic. In this case there 
is no need for a warped geometry and the target space is simply the direct product 
M3 (g) Mg. In section 3.1, we consider this particular case and we show that no 
scalar potential for the moduli fields arises under these circumstances. To relax the 
constraint and allow for manifolds with non-vanishing Euler characteristic we have 
to consider a non-zero value for the internal background flux F2. Consequently, we 
will have to use a warped metric ansatz as we did in the analysis from chapter 2 
and we will impose the requirement (2.2.38) for the warp factors. In section 3.2, we 
show that the appearance of background fluxes generates a scalar potential for some 
of the moduli fields appearing in the three-dimensional low energy effective action. 
Later on in section 5.2 we will see that the anti-self-dual part of the four-form F is 
the one that generates the scalar potential. 




(3.2) 
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3.1 Compact ificat ion with Zero Background Flux 



We want to compactify the action (2.1.1) on a compact and smooth Spin(7) holono- 
my manifold whose Euler characteristic is zero. Because of this property and because 
of the exceptional holonomy of the internal manifold, the quantum correction terms 
(2.1.2b) vanish upon an integration over the internal manifold. Therefore, the only 
contribution to the three-dimensional effective action will come from (2.1.2a), i.e. 
from the bosonic truncation of the eleven-dimensional supergravity. In order to 
achieve our goal, we make the spontaneous compactification ansatz for the eleven- 
dimensional metric QMNi^i u), which respects the maximal symmetry of the external 
space which is described by the metric Tj^jj^x) 

ds^ = qmn dX^^ dX^ = r]^y{x) dx^'dx" + gmnix, y) dy'^dy'' , (3.1.1) 

where gmn{x,y) is the internal metric. Here x represents the external coordi- 
nates labeled by /i = 0,1,2, while y represents the internal coordinates labeled 
by m = 3, . . . , 10, and M, run over the complete eleven- dimensional coordinates. 
In addition, gmn{x, y) depends on a set of parameters which characterize the possible 
deformations of the internal metric. These parameters, called moduli, appear after 
compactification as massless scalar fields in the three-dimensional effective action. 
In other words, an arbitrary vacuum state is characterized by the vacuum expec- 
tation values of these moduli fields. In the compactification process we choose an 
arbitrary vacuum state or equivalently an arbitrary point in moduli space and con- 
sider infinitesimal displacements around this point. Consequently, the metric will 
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have the following form 

y) = gmniy) + Sgm.ni^,y) , (3.1.2) 

where Qmn is the background metric and 5gmn is its deformation. The deformations 
of the metric are expanded in terms of the transverse traceless zero modes of the 
Lichnerowicz operator 

Al Cab = — □ Gab — 2Rabmne^^ + 2R(^a^eb)m , (3.1.3) 

where Cab is some symmetric second rank tensor. The transverse traceless zero 
modes of describe variations of the internal metric leaving the Ricci tensor 
invariant to linear order. Furthermore, it was shown in [50], that for a Spin(7) 
holonomy manifold, the zero modes of the Lichnerowicz operator are in one to 
one correspondence with the anti-self-dual harmonic four-forms C,a of the internal 
manifold 

eAmn{y) = I Umabciy) ^n^\y) , (3.1.4a) 
iAabcd{y) = - eA[a^{y)^bcd]m{y) , (3.1.4b) 

where A = 1, . . .h^ and ^2 is the Cayley calibration of the internal manifold, which 
in our convention is self-dual. The tensor is symmetric and traceless (see [50]). 

is the Betti number that counts the number of anti-self-dual harmonic four-forms 
of the internal space. 

Besides the zero modes of the Lichnerowicz operator there is an additional vol- 
ume changing modulus, which corresponds to an overall rescaling of the background 
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metric. So the metric deformations take the following form 

Sgmn{x, y) = (p{x) Qmniy) + (p^{x) eAmniv) , (3.1.5) 

A=l 

where is the radial modulus fluctuation and 0^ are the scalar field fluctuations 
that characterize the deformations of the metric along the directions ca- Therefore 
the internal metric has the following expression 

K 

9mn (•^) y) = 9mniy) + <Pix) gmniy) + ^ (l>^ix) eAmnijj) ■ (3.1.6) 

A=l 

The three-form potential and the corresponding field strength have fluctuations 
around their backgrounds C{y) and F{y), respectively, which in this section are 
considered to be zero. The fluctuations of the three-form potential are decomposed 
in terms of the zero modes of the Laplace operator. Taking into account that 
for Spin(7) holonomy manifolds there are no harmonic one-forms (see (C.2) ) the 
decomposition of the three-form potential has two pieces 

6C{x, y) = 6Ci (x, y) + 6C2 (x, y) 

7=1 J=l 

where Uj are harmonic two-forms and (j are harmonic three-forms. The set of 62 
vector fields A\x) and the set of 63 scalar fields p"^(x) are infinitesimal quantities 
that characterize the fluctuation of the three-form potential around its background 
value. The fluctuations of the field strength F are then 

SF{x,y)=SF,{x,y)+SF2{x,y) 

62 bs 

= J2 d^'i^) A My) + dp\^) A Uy) ■ (3.1.8) 

1=1 J=l 
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Substituting (3.1.6), (3.1.7) and (3.1.8) into S and considering the lowest order 
contribution in moduli fields we obtain 

S3D = 7^ I rf=^xv^|i?(M3)-18(9,0)(9» 
^'^s Jmz 

I,J=l I,J=l 
K 

- Yl 6^ab(5,0^)(9>^)} + (3.1.9) 

A,B=l 

where r] = det{rj^y) and the ellipsis denotes higher order terms in moduli fluctuations. 
^3 is the three-dimensional gravitational coupling constant 

4 = VmI f^li , (3.1.10) 
and Vms is the volume of the internal manifold 



Vms= / AV^, (3.1.11) 

J Ms 

where g = det{gmn)- The details of the dimensional reduction of the Einstein- Hilbert 
term can be found in appendix A. 3. The other quantities appearing in (3.1.9) are 
the fleld strength of the 62 ^(1) gauge flelds 

fip = = i(9«4 - dpAi) , (3.1.12) 

and the metric coefficients for the kinetic terms 

^iJ = t;^ I t^/A^cjj, (3.1.13a) 
^IJ = ^ I C/A^O, (3.1.13b) 
0AB = -r^[ d^^eAameBbng^'T''- (3.1.13c) 

^^Ms J Ms 
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With the help of (3.1.4a) and (3.1.4b) we can rewrite (3.1.13c) as follows 

gAB = T^ [ U^^^B. (3.1.14) 
^Ms J Ms 

Note that the Hodge ic operator used in the previous relations is defined with respect 
to the background metric. As we can see in the zero flux case, the action contains 
only the gravitational part plus kinetic terms of the massless moduli fields and no 
scalar potential. Therefore, if the flux is zero we have no constraint on the dynam- 
ics of the moduli fields and the vacuum of the three-dimensional theory remains 
arbitrary. 

3.2 Compactification with Non-Zero Background Flux 

In this section we relax the topological constraint imposed on the internal manifold 
and allow for a non-vanishing background value for the field strength of M-theory, 
i.e. we consider manifolds with non-vanishing Euler characteristic. Because of this 
assumption we will have nonzero contributions in the three-dimensional action which 
come from the quantum correction terms (2.1.2b). We start with the warped ansatz 
(2.2.5) for the metric 

ds^ = qmn dX^' dX^ 

= e'^(^) r,^u{x) dx^dx-" + e-^(^) g^nix, y) dy^dy^ , (3.2.1) 
where we have imposed the condition (2.2.38) on the warp factors. In equation 
(3.2.1) A[y) represents the scalar warp factor, ri^y{x) is the metric for the maximally 
symmetric external space, i.e. Minkowski, and gmn{x.,y) has Spin(7) holonomy. As 
we did in the previous section we will decompose the field fluctuations in terms of 
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harmonic forms. The metric fluctuations will have the same decomposition as in 
(3.1.5) and also the field strength and its associated potential will have the decom- 
positions (3.1.8) and (3.1.7), respectively. Maximal symmetry of the external space 
restricts the form of the background flux to 

F{y) = F,{y) + F2{y) , (3.2.2a) 
Fi{y) = It e^p, dmfiy) A dx^ A rfx^ A dy"" , (3.2.2b) 
My) = i Fmnp,{y) dy"' A dy^ A dy^ A dy'^ , (3.2.2c) 

therefore, C has the following background 

Ciy) = C^iy) + C2iy), (3.2.3a) 
Ci{y) = - i Ea^^ f{y) dx" A dxf^ A dx'^ , (3.2.3b) 
C2{y) = ^ Cmnpiy) dy^ A dy^ A dy^ . (3.2.3c) 

Next we consider the compactification of the eleven- dimensional action. We 
start with the Einstein-Hilbert term which becomes 

-V/ rf"xv/=^i?(Mn) = / d'xy^\RiM,) 

- 18(9,0) (9»- Sij{d^<p')id"<p')} + (3.2.4) 
i,j=i 

where gu = det(gMN) and Qu is given in (3.1.14). The details of the dimensional 
reduction can be found in appendix A. 3. Let us take a closer look at the second 
term in (2.1.2b). We have showed in section 2.3.2 that the exceptional holonomy 
implies the vanishing of integral of the quartic polynomial Jq. Also, regarding the 
term of 5*1 which involves the quartic polynomial Eg, we can use properties (2.3.2) 
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and (2.3.3) to obtain 

biT2 [ d^'xV^i (jo-l:Es] = [ d^x^/^T2^. (3.2.5) 

Jmu \ ^ J Jhh ^4 

We want to emphasize that the metric used in computing (3.2.5) is the un-warped 
one. In other words, in the language of chapter 2, we are considering only the leading 
order contribution in a perturbative series in the "t" parameter and therefore we 
can neglect in the first approximation the contribution which comes from warping. 

The remaining terms in S consist of the kinetic term for C, the Chern-Simons 
term, and the tadpole anomaly term, i.e. the term proportional to X^. The expres- 
sions (3.1.8) and (3.2.2) of the field strength F imply that 

FA^F= FiA*A+ / h^^h 

Mil ^Mii ^Mii 

+ / SFiAi.5Fi+ [ A* (5^2, (3.2.6) 

JMii J Mil 

where the first term is subleading and will be neglected. To leading order, the last 
two terms in the above sum can be expressed as 

/ A^(5Fi + 5F2 A^5F2] 

^^^11 JMii 

= 2^ / 

^f^3 Jm, >- j j^, 

+ Aj(9V)(5V)}, (3.2.7) 
i,j=i 

where f^, )Cjj and Cjj were defined in (3.1.12) and (3.1.13). Due to the specific 
structure of C{x,y) and F{x,y), which are given in equations (3.1.7), (3.1.8), (3.2.2) 
and (3.2.3), the Chern-Simons term will have the following form to leading order in 
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moduli field fluctuations 



C AF AF = 3 C1AF2AF2 

Mil -'A/11 



+ 2 [ 6C2A6F2AF2+.... (3.2.8) 



'A/11 

Since the first term in (3.2.8) cancels the tadpole anomaly term, we obtain the 

following result 
1 



- I CAFAF + T2 I CAX^ 



12^1^ j^/^j jjv/11 

1 



6/^11 JA/i: 



6C2A6F2AF2 + .... (3.2.9) 



Using the harmonic decomposition for the field fluctuations (3.1.7) and (3.1.8) we 
derive 

-V/ 5C2ASF2AF2 = ^ f^Sij [ A'AdA', (3.2.10) 

0^11 JA/h ^^3 j j^i JM-i 

where we have defined 

gjj=^— cj^Acj^AFa. (3.2.11) 

3Va/8 J Ms 

The coefficient (3.2.11) is proportional to the internal flux and this is the reason 
why we did not obtain a Chern-Simons term in section 3.1. This completes the 
compactification of M-theory action on Spin(7) holonomy manifolds. Using the 
above results we obtain to leading order in moduli fields the following expression for 
the low energy effective action 

S3D = 7^ I rf'xv^{i?(M3)-18(a„</.)(a"</.) 
^^^3 JMz ^ 

i,j=i i,j=i 

- E [lCijCf''^ + £ije'^''-Aifi]-v} + ..., (3.2.12) 
/,j=i 
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where we have denoted by V the scalar potential 

y=^l F2A^F,-2kIT2^. (3.2.13) 

We can see clary now that besides the Einstein-Hilbert term, the kinetic terms and 
the Chern-Simons term we have an additional piece in the action because we choose 
to have some non-vanishing value for the background of the field strength. The 
relation (3.2.13), which defines the scalar potential, is very similar with the tadpole 
anomaly cancelation condition (3.1) and we will see in chapter 5 that this property 
will determine that V depends only on the anti-self-dual part of F2 whereas the 
self-dual part of F2 is dynamical in nature and under special conditions can break 
the supersymmetry of the theory. 
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4. MINIMAL THREE-DIMENSIONAL SUPERGRAVITY 

COUPLED TO MATTER 



Some of the vacua obtained after compactification are supersymmetric and they 
correspond to a minimal supergravity theory in three dimensions. The analysis of the 
properties of these vacua requires the knowledge of the supergravity action. Hence, 
this chapter is dedicated to the derivation of the most general off-shell three-dimen- 
sional Af = 1 supergravity action coupled to an arbitrary number of scalars and 
f/(l) gauge fields. Component formulations of supergravity in various dimensions 
with extended supersymmetry have been known for a long time [53]. In general, the 
extended supergravities can be obtained by dimensional reduction and truncation 
of higher dimensional supergravities. For example, a four-dimensional supergravity 
with M = 1 supersymmetry leads to a three-dimensional supergravity with M = 2 
supersymmetry after compactification. For this reason the component form of three- 
dimensional M = 2 supergravity is known. Although there has been much activity 
in three dimensions [54, 55, 56, 57, 58, 59, 60, 61, 62], there is no general off-shell 
component or superspace formulation of three-dimensional M = 1 supergravity in 
the literature. There are, however, on-shell realizations with A/" > 1 given in [63, 64]. 
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The A/" = 1 theory cannot be obtained by dimensional reduction from a four-dimen- 
sional theory and requires a formal analysis. 

Although the off-shell formulation of A/" = 1 three-dimensional supergravity 
has been around since 1979 [65], there has been little work done on understanding 
this theory with the same precision and detail of the minimal supergravity in four 
dimensions. The spectrum of the A/" = 1 three-dimensional supergravity theory 
consists of a dreibein, a Majorana gravitino and a single real auxiliary scalar field. 
Since our formal analysis yields an off-shell formulation, we can freely add distinct 
super invariants to the action. The resulting theory corresponds to a non-linear 
sigma model and copies of U{1) gauge theories coupled to supergravity. We will 
present the complete superspace formulation in the hope that the presentation will 
familiarize the reader with the techniques required to reach our goals. In this section 
we use the Ectoplasmic Integration theorem to derive the component action for the 
general form of supergravity coupled to matter. The matter sector includes U{1) 
gauge fields and a non-linear sigma model. 

4.1 Supergeometry 

Calculating component actions from manifestly supersymmetric supergravity de- 
scriptions is a complicated process. However, knowing the supergravity density 
projector simplifies dramatically this procedure. The density projector arises from 
the following observation. Every supergravity theory that is known to possess an 
off-shell formulation for a superspace with space-time dimension D, and fermionic 
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dimension J\f can be be shown to obey an equation of the form 



/ 



I 



d X e 



(4.1.1) 



E"^ is the super determinant of the super frame fields E^^^, f is a differential op- 
erator called the supergravity density projector, and the symbol | denotes taking the 
ant i- commuting coordinate to zero. This relation has been dubbed the Ectoplasmic 
Integration Theorem and shows us that knowing the form of the density projector 
allows us to evaluate the component structure of any Lagrangian just by evaluating 
{T)-'^C\). Thus, the problem of finding components for supergravity is relegated to 
computing the density projector. 

Two well defined methods for calculating the density projector exist in the 
literature. The first method is based on super p-forms and the Ethereal Conjecture. 
This conjecture states that in all supergravity theories, the topology of the super- 
space is determined solely by its bosonic submanifold. The second method is called 
the ectoplasmic normal coordinate expansion [66, 67], and explicitly calculates the 
density projector. The normal coordinate expansion provides a proof of the ecto- 
plasmic integration theorem. Both of these techniques rely heavily on the algebra 
of superspace supergravity covariant derivatives. The covariant derivative algebra 
for three dimensional supergravity was first given in [65]. In this paper, we have 
modified the original algebra by coupling it to n U{1), gauge fields:^ 



^Wc do not consider non-abclian gauged supergravity because the compactifications of M-theory 
on Spin(7) manifolds that we consider lead to abelian gauged supergravities. 



(4.1.2a) 
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- [2(7,)<,'^S/ + |(7,7'^)/(V,i?)]A<,, (4.1.2b) 
[Va, = -2eabc [ S"'^ + i (7^)"^( V;3i?) ] V„ + Sabc [ n"" 

- Iti'\2V^R+IR^) ]Md + \eabc{l')p'vPwlti, (4.1.2c) 



where 



V''W"/ = 0, (4.1.3a) 

n-^ - n^- = r,,,n-^ = (7d)"^s/ = o , (4.i.3b) 



and 



V„S/ = -i {l')apn/ + I [C^^V^" + ie^-^^ (7e)a/3] V,i?. (4.1.3c) 

The superfields R, and 7?.°* are the supergravity field strengths, and are the 
U{1) super Yang-Mills fields strengths, tj are the U{1) generators with I = 1 . . .n. 
Aia is the 3D Lorentz generator. Our convention for the action of Aia is given in 
appendix B.l. An explicit verification of the algebra (4.1.2) is performed in appendix 
B.3, where it is shown that the algebra closes off-shell. 

4.2 Closed Irreducible Super Three-forms 

Indices of topological significance in a D-dimensional space-time manifold can be 
calculated from the integral of closed but not exact D-forms. The Ethereal Conjec- 
ture suggests that this reasoning should hold for superspace. Thus, in order to use 
the Ethereal Conjecture [68], we must first have the field strength description of a 
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super three-form. In this section, we derive the super three-form associated with 
the covariant derivative algebra (4.1.2). 

We start with the general formulas for the super two-form potential and super 
three-form field strength. A super two-form r2 has the following gauge transforma- 
tions 

5Tab = V[Ai^B) - i T^aJ)Ke , (4.2.1) 

which expresses the fact that the gauge variation of the super two-form is the super 
exterior derivative of a super one- form Ki. The field strength G3 is the super exterior 
derivative of r2 

GabC = ^ ^[A^BC) - \ T^AB\^^E\C) ■ (4.2.2) 

We have a few comments about the notation in these expressions. First, upper case 
roman indices are super vector indices which take values over both the spinor and 
vector indices. Also, letters from the beginning(middle) of the alphabet refer to 
flat (curved) indices. Finally, the symmetrization symbol [) is a graded symmetriza- 
tion. A point worth noting here is the that the superspace torsion appears explicitly 
in these equations. This means that the super form is intimately related to the 
type of supergravity that we are using. The appearance of the torsion in these ex- 
pressions is not peculiar to supersymmetry. Whenever forms are referred to using a 
non-holonomic basis this phenomenon occurs. 

A super form is a highly reducible representation of supersymmetry. Therefore, 
we must impose certain constraints on the field strength to make it an irreducible 
representation of supersymmetry. In general, there are many types of constraints 
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that we can set. Different constraints have specific consequences. A conventional 
constraint imphes that one piece of the potential is related to another. In this case 
if we set the conventional constraint 

Gap-i = \ V(ar^^) — I {'-l''){a(3\^c\^) = , (4.2.3) 

we see that the potential T^a is now related to the spinorial derivative of the potential 
Fq,^. This constraint eliminates six superfield degrees of freedom. 

Since is the exterior derivative of a super two-form it must be closed, i.e. 
its exterior derivative F4 must vanish. This constitutes a set of Bianchi identities 

Fabcd = |t '^[aGbcd) — jT^ab^Geicd) = . (4.2.4) 

Once a constraint has been set, these Bianchi identities are no longer identities. In 
fact, the consistency of the Bianchi identities after a constraint has been imposed 
implies an entire set of constraints. By solving the Bianchi identities with respect 
to the conventional constraint, we can completely determine the irreducible super 
three-form field strength. Since we have set Ga/S'y = 0, it is easiest to solve Fap'ys = 
first 

Faf3-yS = I ^(aGp-fS) - ^ T^afif G E\-f5) = {l''){a(3\ Ge\y5) ■ (4.2.5) 

To solve this equation, we must write out the Lorentz irreducible parts of Ga/s-y- We 
first convert the last two spinor indices on Ge-ys to a vector index by contracting with 
the gamma matrix: Ge^s = {lO-ysGef. Further, Ga/37 ~ Gjs^a imphes that Gab is a 
symmetric tensor, so we make the following decomposition: Gab = Gab + ^VabG'^^, 
where the bar on Gab denotes tracelessness. With this decomposition, the Bianchi 
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identity now reads 



(4.2.6) 



where the term containing C^d vanishes exactly. The symmetric traceless part of 
this gamma matrix structure does not vanish, so we are forced to set Gab = 0. Thus, 
our conventional constraint implies the further constraint Ga/B-y = (7a) p-yG. The next 
Bianchi identity reads 



+ \ Td(a\^ Ge\P^) ■ 

Using our newest constraint and substituting the torsions we have 

Fap-yd = \ ild){l3^f^a) G + ^ il^){af3\ G^-)ed 



(4.2.7) 



(4.2.8) 



here we have replaced the antisymmetric vector indices with a Levi-Civita tensor 
via; G^ed = £ed"' G^a, and further decomposed G^a into spinor and gamma traceless 
parts; G^a = ila)-/'^ G/^ + G^a, respectively. Contracting (4.2.8) with Ecbe (7^)"^5o-''' 
implies Go- = V^G. Substituting this result back into (4.2.8) implies that G^" = 0. 
Thus, we have derived another constraint on the field strength 



Gabc — ^bc'^{la)a^o-G . 



(4.2.9) 



The third Bianchi identity will completely determine the super three-form 



Faf3cd — ^(aGf3)cd + ^[cGd]at3 — T^f^GEcd — T^^Geo/S — T(a\[c\^ G E\d]f3) 

= £cd'(7e)(/V/3)V<,G + (7[d)a/3Vc]G - {Y)af3Gecd + (7[c7d])a/3 RG . (4.2.10) 
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Note that Gab'^ = —{pfbla-yG. Contracting with (76)°^ yields the following equation 
for the vector three-form 

G,,d = 2e,,d[y^G + RG] . (4.2.11) 
The final two Bianchi identities are consistency checks and vanish identically 

Fabcd = ^ Vq, G\bcd] — |V[b Gcd]a — \ Ta[b\^ G E\cd] + \ ^[6c|'^ G E\d]a = , (4.2.12a) 
Fabcd = J\^[aGbcd\ — \T[ah\^ G E\cd\ = . (4.2.12b) 

We have shown that the super three-form field strength related to the supergravity 
covariant derivative algebra (4.1.2) is completely determined in terms of a scalar 
superfield G. In 3D, a scalar superfield is an irreducible representation of super- 
symmetry, and therefore the one conventional constraint was enough to completely 
reduce the super three-form. 

4.3 Ectoplasmic Integration 

In order to use the Ethereal Conjecture, we must integrate a three- form over the 
bosonic sub-manifold. The super three-form derived in the previous section is 



G^p^ = Q, (4.3.1a) 

Go.pc = {lc)o.pG, (4.3.1b) 

Go.bc = ebad{l''):V^G, (4.3.1c) 

Gabc = Isabc [y^G + RG]. (4.3.1d) 



The only problem with this super three-form is that it has flat indices. We worked 
in the tangent space so that we could set supersymmetric constraints on the super 

50 



three-form. Now we require the curved super three-form to find the generally co- 
variant component three-form. In general, the super three-form with flat indices is 
related to the super three-form with curved indices via 



where we have used a different symbol for the curved super three-form just to avoid 
any possible confusion. As it turns out, the component three- form is the lowest 
component of the curved super three-form gmno = Qmno\- Using the usual component 
definitions for the super frame fields; E^| = e^, E„"| = — V'm ; we can write the 
lowest component of the vector three-form part of (4.3.2) 

9mno = —Gonml — ^ i^[m°' Gno]a\ — \'4^[m" i^rJ^ G o\a(3\ + i'm'^ ^^n^ "^Po^ Gaf3-y\ ■ (4.3.3) 

Since this is a independent equation, we can convert all of the curved indices to 
fiat ones using e^"^ 

gabc = Gabcl - I ^Ala" Gbc]a\ " | ^[a° Gcla/?! + ^Aa" ^c'^ Ga/Bjl 



= { 2 [V' + R\]-1 ^» e,,], V. - i i^^: (7c])a/3 } G\ . (4.3.4) 



We note in passing that this equation is of the form V^G\. Since gabc is part of a 
closed super three-form, it is also closed in the ordinary sense. Thus, any volume 
three-form 0;"^*^ = u e""^"^ may be integrated against gabc and will yield an index of 
the 3D theory if gabc is not exact. We are led to define an index A by 



Gmno 



(_l)[3/2] Ej^fEj^EQGcBA , 



(4.3.2) 




(4.3.5) 



If we define tE gabc = T>'^G\ we can read off the density projector 
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(4.3.6) 



The Ethereal Conjecture asserts that for all superspace Lagrangians C the local 
integration theory for 3D, M = \ superspace supergravity takes the form 



4.4 Obtaining Component Formulations 

We are interested in describing at the level of component fields the following gen- 
eral gauge invariant Lagrangian containing two derivatives for 3D, M = oo gravity 
coupled to matter 



This action encompasses all possible terms which can arise from the compactification 
of M-theory which we are considering. The first term is exactly 3D supergravity 
when i^($) = 1. The second term is the kinetic term for the gauge fields. The 
third term is the kinetic part of the sigma model for the scalar matter fields The 
fourth term represents the Chern-Simons term for the gauge fields. Finally, PF($) 
is the superpotential. 

In order to obtain the usual gravity fields we must know how to define the 
components of the various field strengths and curvatures. This is done in a similar 
manner as before when we determined the three-form component field of the super 
three-form. In this case, we go to a Wess-Zumino gauge to write all of the torsions. 




(4.3.7) 



C = K{^) R + /i($)jj W"^ Wi + g{^)ij V"$^ V«$^' 



+ QuT'W-^^ + W{^). 



(4.4.1) 
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curvatures and field strengths at ^ = 



T "^1 
-^ab 1 


- tab^ + "^[a 




(4.4.2a) 


rp c 1 

■^ab \ 


= ^ab + '^[1 




(4.4.2b) 


R-ab^l 


= rJ + ^ylRsb\\ 


+ ^[a A] Rs.'l , 


(4.4.2c) 


-^ab 1 


= fab ^ ^[a^ Sb] 




(4.4.2d) 



The leading terms in each of these equations, i.e. t^,^ , tj^, r^^^^ and /^^^ correspond, 
respectively, to the exterior derivatives of ipa'^, Ga™, uja'^ and Aj, using the bosonic 
truncation of the definition of the exterior derivative of a super two-form given in 
(4.2.1). By definition the super covariantized curl of the gravitino is the lowest 
component of the torsion Tab"'- Substituting from (4.1.2) we have 

fab' ■= Tab'l = -2eabc[ S^l + I {ir'{V,R)\ ] . (4.4.3) 
This equation implies the following: 

^aR\ = -\{ld)a,e'"''f2,, (4.4.4a) 
= I [e'^'^fab' - (7^)5 V'] . (4.4.4b) 

The lowest component of E'^'^ is indeed gamma traceless. The other torsion yields 
information about the component torsion 

^a.1=0 = t,,^+(7%/3V^[a"^/, (4.4.5) 

which can be solved in the usual manner to express the spin connection in terms 
of the anholonomy and gravitino. The super curvature leads us to the component 
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definition of tlie super covariantized curvature tensor 

Ra,'\ = rj - i^yli^,^{l%,R\ + [ - 2 (7.])rS.1 - 1 (7.]7^)."V„i?| 

+ VsR\6,{] = SaM [^'1 + 1^^' ( - SV^i?! - IR'\) ] . (4.4.6) 
Contracting this equation witli e'^^c and using tlie component definitions (4.4.4) leads 
to the component definition 

V'R\ = -f i? V i ^'^'^ ^a" hcU R\ + I e"'" r^tc + i (7')/ /aft7 • (4.4.7) 
The super field strength satisfies 

•^a/l = fat' + |^[a (76]),"W^il = (7'^)/ V^W^/ 1 , (4.4.8) 

which implies 

V.W^il = -le'"'%lc)apfL - le^'%lc)aMs'i^JW^\ ■ (4.4.9) 
From (4.1.3) we have V^V^iy/ = so we can derive 

V'W^il = |(7'^)/Vel^/| - I R\Wi\ . (4.4.10) 

We now have complete component definitions for R and Wa and enough of the com- 
ponents of S"^ and Rat to perform the ectoplasmic integration. Since the gauge 
potential for the f/(l) fields appears in our Lagrangian we must also make com- 
ponent definitions for it. F^ has the gauge transformation 

STi = VaK', (4.4.11) 

so we can choose the Wess-Zumino gauge 

r«| = V"F^|=0. (4.4.12) 
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We are now in a position to derive the full component action. We introduce 
the following definitions for the component fields 

R\ = B, Wi\ = Xi, 

V«rJ| = i(7%/3A^, W^\/pTi\ = l\i, (4.4.13) 

in addition to the curl of the gravitino defined in (4.4.2). Using these component 
definitions the terms in the action become 

j d^x(fe^-^K{^)R= J d^xe-\V^K{<i>)R)\ 

= J d'xe-'[ - 2BV'K\ + V^K\ [ - i (Ta);^"^'^''^/ 

- ^/(7');3"i? ]+K\[-\B'-l e'^'^ rate + i e^"^ /,,^ ] } , (4.4.14) 

j d^xd^OE-^huW^^Wj = j d^xe-^V^hjjW^Wj)] 
= I d'xe~'{ + VM[-^e^''{lcr^ fat' ^/ 
+ ills" i'a A/] + hu\ [ - 2{^r'i^cXj)\,' 

- i ^aa X^' A/ + 3(7e)/ f'' ^/ A/ + 5A^^A/ 

+ i r'^fat' - I e^'' i^c' A/ fj ] - 2V' hu\ A/ } , (4.4.15) 
j d\e-^QijT'f,W'^ = j d\e-\V''QijT'pW'^)\ 

- \ QuW'i,:^\i - \ Q,j\e^''\^:)iAii,,-\l - I Qur'^Aift)^ , (4.4.16) 

55 



+ 2gi,\[-lV'<f)'Vc(jy' +2F'F^] 



(4.4.17) 
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+ V^/(7-i)/V;3W^| - [25 + i^,>,V'^(7,)„^ 



(4.4.18) 



This component action is completely off-shell supersymmetric. We now put it on- 
shell by integrating out B and F\ The equation of motion for leads to 



F' 



9 



(SW_ 

4" 



+ 



5$i 



Shu 



5$i 



and the equation of motion for B yields 



(4.4.19) 



B = K'K\-'{g-%j\X"'Xj - 2W\ - g.^'^'xl 

- «:-2(V,i^|V^/(7')/ + 2V^K\) } . (4.4.20) 
To be completely general we assume that the coupling functions depend on some 



combination of matter fields, thus: 

5H< 



2 bT^bT"" 

a b 

' I 



(4.4.21) 
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With this definition, we can substitute for in (4.4.20), leading to 

5K 



B = K,^K\-^ 
1 
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(4.4.22) 



This equation for the scalar field B is what is required to obtain the on-shell su- 
persymmetry variation of the gravitino. To see this we begin with the off-shell 
super symmetry variation of the gravitino 

= D^e^ - \ e^{^a)£B - eVh%,i^/ ■ (4-4.23) 
By converting to curved indices and keeping in mind the variation of e^ 



(4.4.24) 



the supersymmetry variation of the gravitino can be put into a more canonical form 



The other fields have the following supersymmetry transformations 



(4.4.25) 



Pi ' 



<5QA^ = -|e^(7e)%, 



a 1 



(4.4.26a) 
(4.4.26b) 
(4.4.26c) 
(4.4.26d) 
(4.4.26e) 
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^Qxi = -\ eP{^'^UV,<P' + e^F' , (4.4.26f) 
SqF^ = -e^Ci (7^)^V,x^ + i • (4.4.26g) 

The purely bosonic part of the lagrangian is 

- i Qij\e''^'Aif^, - I K-^B^ - 2d,W\F' - 2BW\ + AgijF'F^ ] . (4.4.27) 
The equations of motion for B and with K{^) = 1 and fermions set to zero are 

B = -2k'^W\, (4.4.28a) 
F' = \g'^djW\. (4.4.28b) 

Substituting these back into the bosonic Lagrangian we have 

-iQule'^'^Aifi- {y'^diW\djW\-2t,^W\^) ] . (4.4.29) 
The scalar potential for this theory can be read off from above and is given by 

V{(j)) = i g'^diW\djW\ - 2K^Wf , (4.4.30) 

and the on-shell supersymmetry variation of the gravitino takes the form 

bai^l = D^e^ - £"(7.„)/ W\ . (4.4.31) 

We want to note that the superpotential W determines the scalar potential in the 
action and also it appears in the gravitino transformation law. These properties give 
us the possibility to determine the explicit form of the superpotential, as we will see 
in section 5.1, and to subsequently show in section 5.2 that the three dimensional 
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action obtained from compactification of M-theory on a Spin(7) holonomy manifold 
is a particular form of (4.4.29). 

From the form of (4.1.2) and the discussion of the above section, it is clear the 
issue of an AdS-s background is described in the usual manner known to superspace 
practitioners. In the limit 

R=VX, S^^ = 0, 

Wa-^ = , = 0, (4.4.32) 

the commutator algebra in (4.1.2) remains consistent in the form 

[V„, V4 = ii'UV, - VX (7^)a/3 Mc , (4.4.33a) 
[V„, = 1 VA , (4.4.33b) 

[V,, V,} = -A£,6,7W% (4.4.33c) 

and clearly the last of these shows that the curvature tensor is given by Rab^ = 
— XSab^- This in turn implies that the curvature scalar is 

£"''i?afec = -6A. (4.4.34) 

Through the equation of motion for B in (4.4.28) we see that 

y/\ = -2k^W\, (4.4.35) 

where we have used the definition (4.4.13) for B and the imposed limit (4.4.32) 
on R. Thus, there is a supersymmetry preserving AdS^ background whenever the 
condition 

1^1 <0 (4.4.36) 
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is satisfied, i.e. the space has a constant negative curvature. On the other hand, 
supersymmetry is broken whenever 

W\>0. (4.4.37) 

It is obvious from the condition (4.4.35) that = corresponds to a supersym- 
metric Minkowski background. We will see in section 5.3 that the proportionality 
between W\ and the curvature scalar plays an important role in selecting the possible 
supersymmetric solutions obtained after performing the compactification. 
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5. THE SUPERPOTENTIAL CONJECTURE 



In the previous chapter we have derived the most general off-shell three-dimensio- 
nal Af = 1 supergravity action coupled to an arbitrary number of scalars and f/(l) 
gauge fields and we have also identified the scalar potential and the gravitino super- 
symmetry transformation. We have now all the information necessary to analyze 
the properties of the theory derived in chapter 3. We know that the three-dimensio- 
nal action obtained from compactification includes a superpotential, whose concrete 
form has been conjectured in [6] 



where M denotes the internal manifold. In section 5.1 we will check directly that 
the superpotential is indeed given by (5.1), by performing a Kaluza-Klein reduction 
of the gravitino supersymmetry transformation law. We will repeat the procedure 
for the heterotic theory on Calabi-Yau three-folds and we will check the above 
conjectured form for W for this case as well. 

An important question is the relationship between the three dimensional action 
obtained from the compactification of M-theory on a Spin(7) holonomy manifold and 




(5.1) 
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the general form of the action shown in (4.4.29). This aspect is analyzed in section 
5.2. We check that the form of the scalar potential and subsequently the complete 
action is a particular case of the more general class of models discussed in chapter 
4 as expected. 

The constraints imposed by supersymmetry on these compactifications were 
derived in [28] and [69]. In [29] it was shown that these constraints can be derived 
from the superpotential (5.1). In section 5.3 we identify the subset of supersymmet- 
ric solutions by analyzing these supersymmetry conditions and we derive conditions 
that the internal flux has to satisfy for a supersymmetric background. 

5.1 The Superpotential 

In the next two sub-sections we consider the compactification of the gravitino su- 
persymmetry transformation law for M-theory on Spin(7) manifolds and Heterotic 
theory on Calabi-Yau three folds. We determine by direct comparison the conjec- 
tured form (5.1) for W in both cases. 

5.1.1 M-theory on Spin(7) Holonomy Manifolds 

Let us start with M-theory on Spin(7) manifolds. The eleven- dimensional super- 
symmetry transformation of the gravitino takes the form 

S^M = VmC - (r*/^^^ - 85^,1^^^) C Fpgns , (5.1.1) 

where capital letters denote eleven- dimensional indices and ( is an anticommuting 
Majorana spinor. In order to compactify this theory on a Spin(7) holonomy mani- 
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fold, we will make the ansatz (3.2.1) for the metric. The eleven- dimensional spinor 
C is decomposed as 

C = £®e, (5.1.2) 

where e is a three-dimensional anticommuting Majorana spinor and is an eight-di- 
mensional Majorana-Weyl spinor. Furthermore, we will make the following decom- 
position of the gamma matrices 

r^ = 7M®79, (5.1.3a) 
r,„ = l®7m, (5.1.3b) 

where 7^ and 7m are the gamma matrices of the external and internal space, respec- 
tively. We choose the matrices 7^ to be real and antisymmetric. 79 is the eight-di- 
mensional chirality operator, which anti-commutes with all the 7m's. In compactifi- 
cations with maximally symmetric three-dimensional space-time the non-vanishing 
components of the four-form field strength F have the form given in (2.2.12). Us- 
ing the particular form for F and the decomposition (5.1.3) for the 7 matrices, we 
obtain the external component of the gravitino supersymmetry transformation 

S^, = V^C - sis e"'^(7M ® 7™)i^™C 

+ i e-3^(7^ ® ^nUC - \ dnA{^, ® 7")C , (5.1.4) 
where we have used a positive chirality eigenstate 79^ = ^. Considering a negative 
chirality spinor corresponds to an eight-manifold with a reversed orientation [49, 70]. 
We decompose the eleven-dimensional gravitino as we did with C, in (5.1.2) 

*M = v^M®e, (5.1.5) 
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where ipfj_ is the three-dimensional gravitino. After inserting (5.1.2) and (5.1.5) in 
(5.1.4), we multiply both sides of this equation from the left with the transposed 
spinor To evaluate the resulting expression we notice that on these eight-mani- 
folds it is possible to construct different types of p-forms in terms of the eight-di- 
mensional spinor C, as 

t^ai...aj, = ^^7ai...apC- (5.1.6) 

Since ^ is Majorana-Weyl, (5.1.6) is non-zero only for p = 0,4 or 8 (see [50]). By 
this argument we notice that the expectation values of the last two terms appearing 
in (5.1.4) vanish, as they contain only one internal gamma matrix. The Spin(7) 
calibration, also called the Cayley calibration, is given by the closed self-dual four- 
form [28, 69] 

^mnpq ^ ^^mupq^ ■ (5.1.7) 

Neglecting the contribution from the warp factor we obtain from (5.1.4) 

5^m = V^£-7m^ / FAn, (5.1.8) 

J Ms 

where we have again dropped a multiplicative constant in front of the second term 
on the right hand side. By comparison with formula (4.4.31) we can then read off 
the form of the superpotential 



W= FAn, (5.1.9) 

J Ms 

which is what we wanted to show. In the next section we perform the same analysis 
for the case of heterotic theory on Calabi-Yau three-folds. We note that we had to 
rescale the superpotential, i.e. k^W\ — > W\, in order to have agreement. We will 
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see in section 5.2 that the same rescahng of the superpotential lowest component 
W\ is needed in order to have agreement between the compactified action and the 
super gravity result. 

5.1.2 The Heterotic String on Calabi-Yau Three-folds 

In order to derive the superpotential for the four-dimensional heterotic string, we 
will consider the compactification of the gravitino supersymmetry transformation 
law, as we did in the previous section. Recall that the most general gauge invariant 
A/" = 1, -D = 4 supergravity action can be described in terms of three functions 
(see e.g. [71, 72]). These are the superpotential W, the Kahler potential K, and 
a holomorphic function Hab, which plays the role of the gauge coupling. In the 
following we will take Hab = ^ab- The theory is formulated in terms of massless 
chiral multiplets, containing a complex scalar and a Weyl spinor ip and massless 
vector multiplets, containing the field with field strength and a Weyl spinor 
A". We shall be adding a real auxiliary field D"^ to the vector multiplets. The 
bosonic part of the Lagrangian takes the following form^ 

^ = _ 1/2 _ K-.^D^rD^^P" - \F;,F'^^'' - V{<P, <P*) . (5.1.10) 

Here V^(0, 0*) describes the scalar potential given by 

y(0, 0*) = exp{K){K^m*Wj - m*W) + iD^Da. (5.1.11) 

In this formula K^^ is the inverse matrix to K^j = didjK{(f), 0*) where the partial 

derivatives are with respect to the scalar fields 0, and Wi = diW + diK W . The 
^We will be following the conventions of [72]. 
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complete Lagrangian is invariant under M = 1 supersymmetry. The relevant part 
of the supersymmetry transformations takes the form 

SX" = a^^e -iD"" e, (5.1.12a) 
6i>^ = 2V^e + % ^^,e*W . (5.1.12b) 

Here A" and t/'^ are positive chirality Weyl spinors, describing the gluino and grav- 
itino, respectively, e is a four-dimensional Weyl spinor of positive chirality, while e* 
is the complex conjugate spinor with negative chirality. If the space-time is flat, the 
complete supersymmetry transformations tell us that supersymmetry demands (see 
[72]) 

Wi = D'' = W = (5.1.13) 

In what follows we will use the above supersymmetry transformations to determine 
the superpotential and D-term for the heterotic string compactified on a Calabi-Yau 
three-fold. 

It has been known for a long time that gluino condensation triggers sponta- 
neous supersymmetry breaking in the heterotic string compactified on a Calabi-Yau 
three-fold Y-^ (with no warp factors) without producing a vacuum energy [13]. In this 
process the Neveu-Schwarz three-form H of the heterotic string acquires a vacuum 
expectation value proportional to the holomorphic three-form f2 of the Calabi-Yau 
three-fold. It was shown in [13] that this generates a superpotential, which will 
break the supersymmetry completely. In a more recent context^ it was argued in 

[14] that the superpotential which is induced by such a non- vanishing if-field extends 
^For an earlier discussion of the form of the superpotential see [13]. 
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the conjecture (5.1) to superpotentials with non-vanishing fluxes of Neveu-Schwarz 
type, i.e. 

W = [ HAn. (5.1.14) 

The argument, which motivated the above formula, was based on the identifica- 
tion of BPS domain walls with branes wrapped over supersymmetric cycles. More 
concretely, the BPS domain wall of the J\f = 1, D = 4 theory originates from 
the heterotic five-brane wrapping a special Lagrangian submanifold of ^3. This is 
because the five-brane is a source for the Neveu-Schwarz three-form field strength 
H. Here we would like to compute the form of the superpotential and the form of 
the D-term appearing in (5.1.12) in this particular model by a direct Kaluza-Klein 
reduction of the gravitino and gluino supersymmetry transformation, respectively. 
Recall that the ten-dimensional A/" = 1 supergravity multiplet contains a metric 
guN, a spin-| field \I/m, a two-form potential Bmn, a spin-i field A and a scalar 
field (j). The super Yang-Mills multiplet contains the Yang-Mills field F^j^ and a 
spin- 1 field x"? the so-called gluino. The relevant part of the Af = 1 supersymmetry 
transformations in the ten-dimensional string frame takes the form 

S^, = + ^(7^.75 ® r'^Habc) C , (5.1.15a) 
5X" = -K.7'^'C. (5.1.15b) 

Here fi describes the coordinates of the four-dimensional Minkowski space, and 
a,b, . . . describe the six- dimensional internal indices, while a describes the gauge 
index. 

We consider a Majorana representation for ten-dimensional Dirac matrices 
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with Tm real and hermitian, apart from Fq which is real and antihermitian. The 
matrices Tm can be represented as tensor products of 7^, the matrices of the external 
space, with 7^, the matrices of the internal space 

r^ = 7M®l. (5.1.16a) 

r,n = 75®7m, (5.1.16b) 

with 

75 = iW7^^''^. (5.1.17) 
We can also introduce the matrix 

7 = i^,Vm^rnnp,rs 7™" , (5.1.18) 

which determines the chirality in the internal space. Here (^(e) represents the deter- 
minant of the internal metric. Thus 7^ are real and hermitian, apart from 70 which 
is real and antihermitian, and 7^ are imaginary and hermitian as are 75 and 7. The 
relation between F, the matrix which determines the chirality in ten-dimensions, 75 
and 7 is 

F = -75®7. (5.1.19) 

Consider ( a ten-dimensional Majorana-Weyl spinor of positive chirality. In or- 
der to compactify transformations (5.1.15) to four dimensions, we decompose this 
ten-dimensional spinor in terms of the covariantly constant spinors of the internal 
manifold: 

C = £* + (5.1.20) 
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where ^+ and ^_ = (^+)* are six- dimensional Weyl spinors with positive and negative 
chirahty, respectively, and e is a four- dimensional Weyl spinor of positive chirality, 
whose complex conjugate is e* . Similarly, we decompose the ten-dimensional grav- 
itino as: 

^>^ = r, ® ® i-. (5.1.21) 

where if)^ is a four- dimensional Weyl spinor of positive chirality, that represents the 
four-dimensional gravitino. 

In complex coordinates the gravitino supersymmetry transformation takes the 

form 

+ is ® {ln.npH^"P + ImnpH^^^)] ( ■ (5.1.22) 

To evaluate the resulting expressions we use the identities (see e.g. [73] or [74]) 

7™.e+ = 0, (5.1.23a) 

7mnp^+ = U+\\~^ ^nmp^- , (5.1.23b) 
1mnp^+ = 2i -f[mJn]p^+ , (5.1.23c) 
7mnpC+ = 7mnp^+ = . (5.1.23d) 

We now decompose our ten-dimensional spinors as in (5.1.20) and (5.1.21) and make 
use of formulas (5.1.23a) and (5.1.23). Multiplying the resulting expression from the 
left with ,^1 = we obtain the transformation: 

= - ^7,.^* Ile+ir' Hmnp ^"^^^ ■ (5.1.24) 
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After integration over the internal manifold we obtain: 

'5^M = V;.£ + ^7M^*||e+ir'e^^ [ HAQ, (5.1.25) 
where we have used that: 

V = ± [ JAJAJ=±e-^\ (5.1.26) 
with V being the volume of the internal Calabi-Yau manifold. If we choose 

and rescale the fields: 

^^l^, (5.1.28a) 
H^\H, (5.1.28b) 

then we obtain the four-dimensional supersymmetry transformation for gravitino, 

5ilj^ = 2V^e + i-i^e* e^'"^ [ HAQ. (5.1.29) 

In the above formulas K = Ki + K2 is the total Kahler potential, where Ki is the 
Kahler potential for complex structure deformations 



Ki = -\og\i I Afi ) , (5.1.30) 



and K2 is the Kahler potential for the Kahler deformations 



K2 = -\og{^ I JAJAJ). (5.1.31) 

Y3 



3 

Comparing this result with (5.1.12) we find the superpotential 



W= / HAQ, (5.1.32) 
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as promised. 

Let us now consider the gluino supersymmetry transformations in (5.1.15). If 
we again decompose the gluino as in (5.1.21) and the spinor ( as in (5.1.20), we 
obtain after comparing with (5.1.12) the form of the four- dimensional D-teim up to 
a muhiphcative constant 

= F^^J'"*' . (5.1.33) 

Here we have used 

Jmn = -«^I-7mn^+ , (5.1.34) 

while the expectation value for the other index contractions appearing in the four- 
dimensional gluino supersymmetry transformation vanish. As we have mentioned 
in the previous section, supersymmetry demands D^^^ = 0, which in this case gives 
the well known Donaldson-Uhlenbeck-Yau equation 

J"^^F^^ = 0. (5.1.35) 

The fact that the Donaldson-Uhlenbeck-Yau equation originates from a D-term 
constraint was first discussed in [75]. Furthermore, supersymmetry demands 

Wi = 0, (5.1.36) 

where we are using again the notation Wi = diW + diKi W, where Ki is the 
Kahler potential for complex structure deformations and is given in (5.1.30). It is 
straightforward to evaluate this constraint to obtain Wi = jy^ (pi A Q = 0, where (pi 
is a complete set of (2, 1) forms [76]. This implies that H is of type (0, 3). However 
in this case 

W^O, (5.1.37) 
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and we therefore see that no supersymmetric solutions can be found. It is expected 
that this situation changes if we consider instead a "warped" compactification of the 
heterotic string [15, 16]. The resulting background is in this case a complex manifold 
with non-vanishing torsion. Manifolds with non-vanishing torsion have also been 
discussed some time ago in e.g. [77]. As opposed to the previous reference, the 
manifolds we shall be interested in have a torsion that is not closed. It is expected 
that supersymmetric ground states can be found in this case. In [78] it was computed 
the form of this superpotential and checked, that it takes the same form as (5.1.32). 

5.2 The Scalar Potential and the Effective Action 

In this section we show that the action (3.2.12) is a particular case of the more 
general construction presented in section (4.4). Let us elaborate this in detail. 
First, we will show that the scalar potential (3.2.13) can be written in terms of the 
superpotential 



and subsequently we will perform a series of field redefinitions to obtain agreement 
between the relevant terms in both actions. The form of the superpotential W was 
conjectured in [6] and we have checked this conjecture in the previous section. More 
explicitly we have used the supersymmetry transformation for the gravitino (4.4.31) 
to identify the form of the superpotential. Using the anomaly cancelation condition 
(3.1), the scalar potential becomes 




(5.2.1) 




(5.2.2) 
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where 

F2- = \ [h-^h] (5.2.3) 

is the anti-self-dual part of the internal flux F2. Using the definition (3.1.14) for 
Gab we can obtain the functional dependence of the scalar potential V in terms of 
the superpotential (5.2.1) 

K 

V[W]= ^ DaW DbW , (5.2.4) 

A,B=l 

where Q^^ is the inverse matrix of Qab and we have introduced the operator 

Da^ = Oa^ + Ka^ ■ (5.2.5) 

From equation (C.6) we can see that the action of Da on the Cayley calibration 
produces an anti-self-dual harmonic four-form and this motivates the appearance of 
gAB formula (5.2.4). 

What we observe from (5.2.4) is that the external space is restricted to three- 
dimensional Minkowski because the scalar potential is a perfect square, in agreement 
with [29]. Furthermore, when DaW = the scalar potential vanishes. This relation 
provides a set of 6j equations for 6j + 1 fields, which lives us with the radial modulus 
unfixed at this level. Its rather possible that non-perturbative effects will lead to a 
stabilization of this field, as in [79]. 

A few remarks are in order before we can compare the compactified action 
to the supergravity action. For a consistent analysis, we must take into account 
all of the kinetic terms for the metric moduli. Furthermore, the scalar potential 
(5.2.4) does not seem to be a special case of (4.4.30). The discrepancy arises for two 
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reasons. First, in the general case the superpotential may depend on all of the scalar 
fields existing in the theory and the summation in (4.4.30) is taking into account 
all of these scalars, whereas in the compactified version the superpotential depends 
only on the metric moduli 

diW^O i = 0, (5.2.6) 

where "0" labels the radial modulus. Second, because of (C.4) the superpotential 
has a very special radial modulus dependence in the sense that 

doW = 2W, (5.2.7) 

and this is the reason why the summation in (5.2.4) does not include the radial 
modulus. Keeping these remarks in mind we proceed to show that the result coming 
from compactification is a particular case of the general supergravity analysis. 
We begin by rescaling some of the fields in the supergravity action (4.4.29) 

2kI gij\ = Lij , (5.2.8a) 

^J'^=L\ (5.2.8b) 

kIW\ = W, (5.2.8c) 

therefore the relevant terms in the supergravity action, which we denote by 5*^, can 
be written as 

- [ BiW BjW -AW^] I . (5.2.9) 
In the above equation the indices i, j = 0, 1, . . . In what follows we will drop 
the label "0" from the radion 0o = and the derivative with respect to it do = d 
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and we will denote by A, B . . . the remaining set of indices, i.e. A, B = 1, . . . ,b^. 
In (5.2.9) we have placed bars on the scalar fields and the derivative operators which 
involve them in order to avoid confusion since we require one more field redefinition. 

The relevant terms in the compactified action (3.2.12), which we denote by 
S^^, have the following form 

■^^3 J Ma ^ 
- G^^DaWDbW } 

= 1 /■ rf^xv^^j- 18(9,0) (9»-6;^b(9„0^)(9"0^) 

^'^3 JMa 

-[G^''{dAW){dBW) + Ag^{dAW)w + gw''] }. (5.2.10) 

In the above equation we have used expression (5.2.5) for Da and we have introduced 

gA ^ gABj^^ g ^ gABj^^j^^ 

In order to make the comparison between (5.2.9) and (5.2.10), we have to 
redefine the fields in (5.2.9) in the following manner 

= Loo0 + W^, (5.2.11a) 
0^ = 0^. (5.2.11b) 

Keeping track that is the radial modulus, we obtain the following form for 
Sb = 7^ [ rf'xv/^{--^(5„0)(9» 

- (Lab - ^^^) (9,0^) (5-0^) - [L^^idAW){dsW) 

+ 4L°^Loo1^^(9aW^) + 4(L°°L2o + 3Loo + 1)H^' ] } . (5.2.12) 
Surprisingly, we have that 

(l^b-^^)l^^ = 5^^ (5.2.13) 
75 



and as a consequence we can perform the following identifications 



1 



(5.2.14a) 




(5.2.14b) 



L 



AB 



g 



AB 



(5.2.14c) 



00 = G Kb , 



(5.2. 14d) 



4(L°°L2o + 3Loo + 1) = G^^'KaKb . 



(5.2. 14e) 



With these identifications, both actions are seen to coincide. The remaining kinetic 
terms and the Chern-Simons terms that were left in the actions (4.4.29) and (3.2.12) 
can be easily identified and we conclude that the compactified action is in perfect 
agreement with the general supergravity action. Therefore we can conclude that 
M-theory compactified on manifolds with Spin(7) holonomy produces a low energy 
effective action that corresponds to a particular case of the minimal three dimen- 
sional supergravity coupled with matter. Hence under particular conditions we can 
obtain supersymmetric solutions. In the next section we address this issue. 

5.3 The Internal Flux and Supersymmetry Breaking 

We have seen that the internal flux is responsible for generating a scalar potential 
for some of the moduli fields. Equation (5.2.2) shows clearly that only the anti-self- 
dual part of F2 is responsible for the emergence of V. The self-dual part is dynamic 
in nature and we have seen in section 2.2 that this component of the internal flux 
is the solution of the equations of motion. Let us investigate under what conditions 
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the solution is supersymmetric. 

Since the expressions in which the internal flux appears are of order or 
higher our analysis will be performed on an undeformed and unwarped background 
as we have previously considered in section 2.3. In other words to order in 
perturbation theory we do not have equations which involve both the internal flux 
and the corrections due to the warping or due to the deformation of the internal 
manifold. As a consequence in this section the manifold Mg is considered to be a 
Spin(7) holonomy manifold. Under these circumstances it is very easy to select the 
supersymmetric solutions. We want to emphasize that our discussion involves the 
leading order perturbative expansion coefficients of the Cayley calibration n^'^^ and 
the one for the internal flux F^^\ However, the discussion is not influenced by this 
fact because the perturbative expansion of the flelds does not affect their represen- 
tation, i.e., all the expansion coefficients will belong to the same representation as 
the original field. Our analysis is based only on the fields representations therefore 
in what follows we drop the upper index which denote the order in perturbation 
theory and the discussion will make no distinction between the full quantities F and 
n and their leading contributions F^^'^ and fi^^^ respectively. 

The constraints imposed to the internal fiux in order to obtain a supersymmet- 
ric vacua in three dimensions have been determined in [28]. Later on in [29] these 
constraints have been derived from certain conditions imposed to the superpotential 
W whose expression was conjectured in [6] to be 




(5.3.1) 
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We have shown in section 5.1 that (5.3.1) is indeed the superpotential of the theory 
and we have proved in section 5.2 that the scalar potential of the effective three-di- 
mensional theory is 

35- 

V[W]= Q'^^DaWDbW, (5.3.2) 

A,B=l 

where is the inverse matrix of Qab, which was defined in (3.1.14). We have 
denoted by 6gg_ the refined Betti number which represents the number of anti-self- 
dual harmonic four-forms C,a- The covariant derivative was defined in (5.2.5) 
through its action on the Cayley calibration 

DAn = U- (5.3.3) 

As we have discussed in section 5.2 the minimum of the scalar potential (5.3.2) is 
zero due to its quadratic expression. Therefore an AdS^ solution is excluded and a 
three-dimensional supersymmetric effective theory is obtained only when the scalar 
potential vanishes, i.e., for a Minkowski background. In other words supersymmetry 
requires 

DaW = A = l,...,bl,-. (5.3.4) 

Unlike for the four- dimensional minimal supergravity case we do not have to im- 
pose W = a.s well in order to obtain V = 0^. However having set the Minkowski 
background in the three-dimensional theory we are left with no choice and we must 
impose W = 0. This is because the three-dimensional scalar curvature is propor- 
tional to the superpotential^. To summarize, the conditions that W has to satisfy 

•^The scalar potential in the four-dimensional case contains a term proportional to W^. 
^See the discussion at the end of the section 4.4 for more details. 
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in order to have a supersymmetric vacua are 

W = and DaW = , (5.3.5) 

where DaW indicates the covariant derivative of W with respect to the moduh fields 
which correspond to the metric deformations of the Spin(7) holonomy manifold. 
Therefore if we want to break the supersymmetry of the effective three-dimensional 
theory, all we have to do is to impose 

W^O or DaW^O, (5.3.6) 

and as we will see below the only way we can break the supersymmetry is through 
the first condition in (5.3.6) because the second condition in (5.3.5) is always valid. 
It is natural to have DaW = 0, i.e. a Minkowski background, because this is the 
only solution found in section 2.2. Since the general solution that emerges from 
our analysis invalidates the second condition in (5.3.6) from the beginning, the 
only way we can break the supersymmetry is to have a non- vanishing value for the 
vacuum expectation value of the superpotential W. It is obvious that once the 
supersymmetry is broken the relation that exists between W and DaW is no longer 
valid and we can have, for example, DaW = and W ^ without generating any 
inconsistencies. In other words the superpotential is no longer proportional to the 
three-dimensional scalar curvature for a non-supersjmimetric theory. Having said 
that let us see what constraints we should impose on the internal background fiux 
in order to obtain a supersymmetric solution. 

All the fields on Mg form representations of the Riemannian holonomy group 
Spin(7). In particular, the space of differential forms on Mg can be decomposed into 
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irreducible representations of Spin(7) and because the Laplace operator preserves 
this decomposition the de Rham cohomology groups have a similar decomposition 
into smaller pieces. Here we are interested in the four-form internal flux of the field 
strength of M-theory, therefore we need the decomposition of the fourth cohomology 
group of Mg 



H^Ms, M) = (Mg, R) © (Mg, M) © H^^+ (Mg, R) © H^^^ (Mg, R) . (5.3.7) 



In the above expression the numerical sub-index represents the dimensionality of the 
representation and the ± stands for a self-dual or anti-self-dual representation. We 
denote by the refined Betti number which represents the dimension of H'^{Mg, R). 
It is shown in [1] that for a compact manifolds which has Spin(7) holonomy 6^+ = 0, 
hence the decomposition (5.3.7) becomes 



Therefore on a compact Spin (7) holonomy manifold the internal flux can have three 
pieces 



However we have showed in section 2.2 that the most general solution which emerges 
from the equations of motion has to be self-dual, whereas the anti-self-dual piece 
generates the scalar potential as shown in section 5.2. Therefore the dynamical com- 
ponent of the internal flux is Fi+ © -F27+ . The non-dynamical component vanishes, 
i.e. -F35- = 0, because the scalar potential vanishes. Although not obvious, the 
vanishing of the F35- piece is related to the second set of equations in (5.3.5). To 



H^{Ms, R) = Ht+ (Mg, R) © i/^V (^8, R) © i^35- (^8, R) . 



(5.3.8) 



F2 = Fi+ © F27+ © F35- . 



(5.3.9) 
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see this let us rewrite DaW using the definition (5.3.1) 

DaW = I DaVLAF2. (5.3.10) 

J Ms, 

The variation of the Cayley cahbration with respect to the metric moduh belongs 
to Hl^_ (Mg, E) and therefore 



DaW= / e^AFss-, (5.3.11) 

J Ms 

hence DaW vanishes when -F35- vanishes 

^35^=0 ^ DaW = {). (5.3.12) 

In other words the general solution for the internal flux precludes a non-vanishing 
cosmological constant in the effective three-dimensional theory. 

Regarding the flrst condition in (5.3.5) we can easily see that it is satisfled as 
long as Fi+ = because the Cayley calibration belongs to (Mg, IR) and therefore 
we have that 



W= VLAF2= nAFi+, (5.3.13) 

J Ms J Ms 

hence 

Fi+ = W = 0. (5.3.14) 

This result means that the only piece from the internal flux that accommodates a 
supersymmetric vacuum is 

F2 = F^r+ ■ (5.3.15) 

Due to the fact that we obtain from the equations of motion that the internal flux 
has to be self-dual and the external space is Minkowski, i.e. the -F35- piece is 



identically zero, the only way we can break supersymmetry is by turning Fi+ on 
in such a way that we obtain a non-vanishing value for the superpotential. It is 
interesting to note that breaking the supersymmetry in this way does not affect 
the value of the cosmological constant which remains zero. Such an interesting 
scenario with a vanishing cosmological constant and broken supersymmetry has 
already appeared in a number of different contexts [11, 20, 8, 40] and [80]. However, 
in contrast to the superpotentials appearing in the previous references, it is expected 
that the superpotential (5.1) receives perturbative and non-perturbative quantum 
corrections. For an analysis of some aspects of these corrections see [29]. This 
completes our discussion about M-theory compactifications on Spin(7) holonomy 
manifolds. 
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6. CONCLUSIONS 



In this thesis we have analyzed the properties of the most general warped vacua 
which emerge from a compactification with flux of M-theory on Spin (7) holonomy 
manifolds. More specifically we have looked at the conjecture made in [6] for the 
superpotential which arises in such compactifications. We have also computed the 
scalar potential generated by the internal flux and we have determined the conditions 
imposed on the flux by a supersymmetric solution. 

The existence of the quantum corrections terms in the low energy effective 
action of M-theory forced us to perform in chapter 2 a perturbative analysis of 
the problem. The perturbative parameter "t" was defined in (2.2.6). We have 
determined that a consistent solution of the equations of motion requires the self- 
duality of the leading order term of the internal flux. We have also shown that the 
internal manifold remains Ricci fiat to the order in the perturbation theory, as 
shown in (2.2.19). By analyzing (2.2.36) we have shown that the Ricci flatness of the 
internal manifold is in general lost to order t~^. However, imposing the restrictive 
condition (2.2.37) the internal manifold remains Ricci flat to this order as well. As 
a matter of fact this is the order in the perturbation theory where the influence of 
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the quantum corrections terms is felt in the equations of motion and it is natural 
to expect deformations of the internal manifold to occur at this order. We have 
also derived a relation between the warp factor "A" and the external flux given by 
(2.2.32). We have collected some of the properties related to the quartic polynomials 
in section 2.3. In particular in section 2.3.2 we have shown that Jq vanishes on a 
Spin(7) background and we have computed its first variation on a Spin(7) holonomy 
background. We have also determined a nice formula (2.3.27) for the trace of the 
first variation of Jq. 

The results obtained in chapter 2 helped us to understand what approxima- 
tions and what kind of ansatz have to be employed in the compactification procedure 
for the background metric. In chapter 3 we have performed the Kaluza-Klein com- 
pactification of M-theory on a Spin(7) holonomy manifold with and without fluxes. 
When fluxes are included, we generate a scalar potential for moduli fields. The main 
results from chapter 3 are the formula that gives the three-dimensional low energy 
effective action 3.2.12 and the expression 3.2.13 of the scalar potential generated by 
the background flux of the field strength. 

The analysis performed in chapter 5 uses information about the form and the 
structure of minimal supergravity in three dimensions. Therefore in chapter 4 we 
have derived the general form of 3D, A/" = 1 supergravity coupled to matter. The off- 
shell component action is the sum of (4.4.14) and (4.4.15). In addition the on-shell 
bosonic action is given in (4.4.29). The supersymmetry variation of the gravitino, 
(4.4.31), was shown to be proportional to the superpotential. The latter statement 
was an important ingredient in order to check the form of the superpotential for 

84 



compactifications of M-theory on Spin(7) holonomy manifolds conjectured in [6]. 

Chapter 5 contains various analyses related to the compactified theory. In 
section 5.1 we have checked the conjecture made in [6] regarding the form of the 
superpotential, which is induced when non-trivial fluxes are turned on in different 
types of string theory and M-theory compactifications. We have accomplished this 
task by performing a Kaluza-Klein reduction of the gravitino supersymmetry trans- 
formation. In section 5.1.1 we have considered warped compactifications of M-theory 
on Spin(7) holonomy manifolds. Since the gravitino supersymmetry transformation 
contains a term proportional to W, we were able to verify the conjecture of [6] by a 
direct calculation of the superpotential. As it is well known from [13], a compacti- 
fication of the heterotic string on a Calabi-Yau three-fold leads to a superpotential, 
which breaks the supersymmetry completely. We have checked that this superpo- 
tential can be written in the form (5.1.32), which extends the conjecture made in [6] 
to fluxes of Neveu-Schwarz type [14]. In section 5.2 we have showed that the scalar 
potential can be expressed in terms of the superpotential. Interestingly, formula 
(5.2.4) shows that the potential is a perfect square, hence only compactifications 
to three-dimensional Minkowski space can be obtained in agreement with [29]. It 
is plausible that non-perturbative effects will modify this result to three-dimensio- 
nal de-Sitter space along the lines of [79]. This will be an interesting question for 
the future. In section 5.3 we have determined the condition (5.3.15) which has to 
be satisfied by the internal flux in order to obtain a supersymmetric solution. The 
analysis was based on the set of conditions (5.3.5) that were imposed to the superpo- 
tential. We have shown the existence of solutions to the three-dimensional equations 
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of motion, which break supersymmetry and have a vanishing three-dimensional cos- 
mological constant. Such an interesting scenario has recently appeared many times 
in the literature. 

Contrary to the superpotential appearing in compactifications of M-theory on 
Calabi-Yau four-folds, it is known that this Af = 1 superpotential receives pertur- 
bative and non-perturbative quantum corrections [29]. The computation of these 
corrections along the lines of [80] represents an interesting open question. 
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A. CONVENTIONS, IDENTITIES AND DERIVATIONS 



A.l Conventions and Useful Identities 

This appendix contains the conventions and the main formulas used in the com- 
putations related to the Kaluza-Klein procedure. In what follows we present some 
conventions related to the Levi-Civita tensor density, some algebraic identities which 
involve generalized Kronecker delta and Levi-Civita symbols, and a few useful F- 
matrix identities. We choose to have 

e^-" = 1, (A.1.1) 

and because the covariant tensor density £fei...b„ is obtained from e"-^---"-" by lowering 
the indices with the help of the metric coefficients gab, we will have that 

ei...n=9, (A.1.2) 

where g = det{gmn) ■ Therefore the product of two Levi-Civita symbols can be 
reexpressed as 
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The generalized Kronecker delta symbol which has appeared in (A. 1.3) is defined as 



where the antisymmetrization implies a 1/n! pre-factor, e.g., 

5iJn]= \,Wn-K5l)- (A.1.5) 

For a single contraction of a (p + l)-delta symbol in an n-dimensional space we have 

therefore in an n-dimensional space a ]9-delta symbol is related to an n-delta symbol 
as follows 

"bi...bpmi...m„-p - ~ PJ- "bi...bp ■ 

As above, the antisymmetrization of two or more gamma matrices implies a 
1/n! pre-factor, e.g., 

Tmn rimTn] ^ ( rmrn rnTm ) • (A. 1.8) 

Using the fundamental relation 

{r^,r"} = 2C, (A.1.9) 

one can deduce the following gamma matrix identities 

[r^,r] = 2^„^ (A.i.ioa) 

{r^„,r} = 2r^/, (A.i.iob) 

[rmnp; r ] Ynnp i (A.l.lOc) 



and 



{^™,r} = 25^^ (A.l.lla) 

[r^„,r] = -45^[^r„], (A.i.iib) 

{Tmnp, = 66''[rn^np] ■ (A.l.llc) 

In what follows we present our conventions regarding differential forms. If ap 
is a differential form of order p, or an p-form, then its expansion in components is 
given by 

«p = ^ a^i,...,mp dx""^ A ... A dx"^" . (A. 1.12) 

Let us consider the wedge product between a p-form ap and a g-form Pq. ap A Pq is 
a (p + g)-form, so 

^p^^i= (plq)\ ^ Pg)mu...,m,+, dx"^' A ... A dx"^^*^ . (A. 1.13) 
On the other hand, by definition 

dp A /3q = — — - a[mi,...,mp Pmp+i,...,mp+q] dx"^' A . . . A dx'^^+\ (A. 1.14) 
therefore 

(«P ^ = ^^plj^' «[rrM,...,mp Pmp+,,...,mp+,] ■ (A. 1.15) 

The definition for the exterior derivation is 

dap = ^ di^, am,,...,mp+,] dx""' A ... A dx""^*' . (A.1.16) 



Since dap is a (p + l)-form 



dap = ^pl^y^ (c?ap)mi,...,mp+i dx""' A ... A dx""" , (A. 1.17) 
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we have that 

(A.1.18) 

The Hodge -k operator of some p -form on a real n -dimensional manifold is defined 
as 

i,ry = ^ n, , o'^l'^l Q^pmp 

p!(?7- I" ■■■y ^mi...mpmp+i...mn 

■ dx'^^+' A . . . A dx"^- , (A. 1.19) 

where 

£i...n = +l. (A.1.20) 
Regarding the integration of some p-form Op on a p -cycle Cp we have that 

f ap = ^ l' a^^.^mpdz""' A . . . A dx""" . (A.1.21) 

We can also introduce an inner product on the space of real p -forms defined on a 
n -dimensional manifold Ai 

{ap,pp)= [ apA kpp = ^ I am,...mp P""'-"'" V9 dx' A . . . A dx'\ (A.1.22) 
Jm P- Jm 

We end this appendix with the derivations of some important formulas used in 
the computations performed in section 2.3.2. We also list some other useful identities 
providing the appropriate references for detailed explanations. 

In general one has 

[V™, Vn\V = ^Rmnpgr^'^V , (A. 1.23) 

therefore if 77 is a Killing spinor then VmV = and we obtain the integrability 
condition 

i?afe^nr'"> = 0. (A. 1.24) 
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If we multiply (A. 1.24) from the left with riTcd we obtain 

Rabmnr]T,dT"'''V = 0. (A. 1.25) 

Using the identities (A. 1.10) and (A. 1.11), we can show that 

r'^r^„ = r'^^^ + - ^^r^ , (A.i.26) 

and 

r'^T^, = r'^^^, - - 45[:,r\] . (A.1.27) 

If we sandwich the relation (A.1.27) between r/ and t] we obtain that 
where 

^abmn ^^abmnV (A. 1.29) 

is the Cayley calibration of the Spin(7) holonomy manifold and the Killing spinor is 
normalized to unity, i.e., rjr] = 1. We remind the reader that for a Spin(7) holonomy 
manifold, terms like f]Tmi...mpV not zero only when p = 0, 4 or 8. For details see 
reference [50]. This is the reason why we have no contribution from the last term 
in (A.1.27). Using (A.1.28) we can recast (A.1.25) as 

Rabmn^^'^cd = '^Rabcd ■ (A. 1.30) 

We have the following one index contraction between two Cayley calibrations 
(see for example [81] and [82]) 

^'"''^tmnp = + 95[:,fi'lp] . (A.1.31) 
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We use the following expression for the variation of the Riemann tensor in 
terms of the metric fluctuations 

SRahran = —"^[al^mSgmn + [al^^ g \b]m ■ (A. 1.32) 

The above result can be easily derived using the relation which exists between the 
derivative operators associated with two conformally related metrics. 

A. 2 The Inverse Metric and Other Derivations 

In this appendix we derive the power expansion in t for the inverse metric and we 
provide some useful relations used in the analysis of section 2.2. We start with the 
derivation of the inverse internal metric g"^^ followed naturally by the expansions 
for the Riemann tensor, the Ricci tensor and the scalar curvature that correspond 
to gmn which has Spin(7) holonomy. Once we know this expansions we can perform 
a conformal transformation to find the corresponding tensorial quantities for the 
internal manifold^. Also at the end of this appendix we provide the expressions 
for the external and internal energy-momentum tensor associated with Fi and F2, 
respectively, and we list the results obtained for the term in the right hand side of 
(2.2.1) for the external and the internal cases. 

Let us consider two arbitrary square matrices A and B with real entries^. We 
want an expression for {A + B)~^ in terms of A, A~^, B and B~^. While there is no 

useful formula for {A + B)~^, we can use a Neumann series to invert A + B provided 

^We have to take into account that the full metric (2.2.5) is warped. 
^The reader should not confuse these matrices with the warp factors. 
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that B, for example, has small entries relative to A. This means that in magnitude 
we have 

lim 5)" = . (A.2.1) 

n — > oo 

Under this assumption the inverse of A + B matrix can be expressed as an infinite 



series 



(A + B)-^ = Y,{-A'^B)''A-'\ (A.2.2) 

k=0 

which in a first approximation is given by 

(A + B)-^ = A-^ -A-^BA^^ + ... . (A.2.3) 

The above setup helps us to compute the inverse of the matrix Qmn introduced in 
(2.2.8). If we set Amn = t [fi'^^^]mn and Bmn = [g^^^]mn^ which is the "small" matrix^, 
then the formula (A.2.3) translates into 

gmn ^ ^-1 ^giDynn ^ ^-2 [^(2)pn ^ ^ _ _ ^ (A.2.4) 

where we have defined 

^gii^n ^ [^(1)]-!^ ^A.2.5a) 

[g^T'' = -[9^'Y'[9^%r[9^'^Y\ (A.2.5b) 

and as usual g"^"' represents the inverse of Qmn- 

By performing the appropriate conformal transformations we obtain the in- 
ternal and external components of the eleven-dimensional Ricci tensor and the ele- 
ven-dimensional Ricci scalar that correspond to the metric (2.2.5). The results are 
■^Thc pcrturbative parameter "i" was introduced in (2.2.6) and in the large volume limit "t" is 
much bigger than the unity. 
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provided in terms of the un-warped quantities, denoted here without a tilde above 
the symbol 

R^.{Mn) = Rf^uiM,) - V,. e2(^-^) [ AA + 3(V„A) (V'^A) 

+ 6(V^A)(V'"i?)], (A.2.6) 

RmniMu) = Rmn{Ms) - 3V„V„A - 6V„V„5 - (7,™A5 

- 3(V„A) (VnA) - Sgmni'^kA) (V'A) 

+ 6V(„AV„)5, (A.2.7) 

R{Mu) = e-'^^R{M^) + e^^^R{Ms) - e~^^[6AA + UAB 
+ 12{V^A) (V'^A) + 42(V,;„5) (V'"5) 

+ 36(V^A)(V'"5)], (A.2.8) 
where A = V^Vm is the internal Laplace operator. We mention that formulas (2.34) 

- (2.36) in [83] represent a generalization of the above equations^. Because the warp 

factors A and B are of order we will truncate (A.2.6), (A.2.7) and (A.2.8) and we 

will retain only the linear contributions in A and B. The "linearized" expressions 

are 

R^^iMn) = R^uiMs) - V,.. AA + . . . , (A.2.9a) 

Rmn{Mii) = RrnniMs) - 3V™V„A - 6V™V„5 - gmrAB + . . . , (A.2.9b) 

R{Mn) = R{Ms) + R{Ms) - QAA - UAB + ... . (A.2.9c) 

"'The reader must be aware of a small typo in formula (2.35) of [83] where the term —ddmAd„B 
should read —ddmAdnA. 
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Let us compute the external and the internal components of the energy-mo- 
mentum tensor associated with the field strength F. Because of the specific form 
(2.2.12) of the background fiux the energy-momentum tensor defined in (2.2.2) will 
have the following form 

T^. = -3r/^.(V™/) (V™/) - \ v.uFabmnF'^'"^'' + ..., (A.2.10a) 
T^n = -6(V^/) (V„/) + 3g„,n{VJ) (W) 

~l~ PmabpFn ^ g QmnFabprF ^ (A. 2. 10b) 

where the ellipsis denotes higher order terms which contain warp factors. We are 
also interested in computing the trace of the above tensors 



abmn 



= _9 [^(i)]-[v^/(2)] [v„/(2)]r5 

- i [F^%bmn[F^'Y'^^t-' + ..., (A.2.11a) 
^'""T™, = 18(V^/) (V'"/) = 18 [g^'Y'^iVm.f'^] [V^/^^^] + . . . , (A.2.11b) 

where we have provided the leading order contribution of these terms. We want to 
note that trace of T^n vanishes to order in the perturbation theory. 
The external component of the left hand side of equation (2.2.1) is 

1 5 



-(3- 



^r]^,Es{Ms), (A.2.12) 



where we have used (2.3.2) and the fact that Jq^Mu) does not depend on the external 

metric and it vanishes on a Spin(7) holonomy background^. The internal component 
^See section 2.3.2 for details. 
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of the left hand side of equation (2.2.1) is 



_1 6_ 



-giJo - -Es) 



-f3 



SY 



(A.2.13) 



where we have used equation (2.3.4) and 5Y/5g"^"' is given in (2.3.20). The trace of 
the above equation is 



9 Sg''- 



-g{Jo - l-E; 



(A.2.14) 



where we have used (2.3.27) in its derivation. It is obvious that (A.2.14) is of order 
in the perturbation theory. 



A. 3 Dimensional Reduction of the Einstein-Hilbert Term 

In this appendix we present the technical details related to the compactification of 
the Einstein-Hilbert term. We treat first the zero flux case and then we calculate 
the reduction for the non-zero background flux case. As usual the Greek indices 
refer to the external space, the small Latin indices refer to the internal space, and 
finally the capital Latin indices refer to the entire eleven dimensional space. 
We start with the following ansatz for the inverse metric 

bl 

g^^ix, y) = r-{y) + <P{x)r''{y) + J] <P^{x) hT{x, y) + ■ ■ ■ , (A.3.1) 

A=l 

where we have denoted by g"^"{x,y) the inverse metric of gmn{x,y) and by g"^"-{x) 
the inverse metric of gmn{x) 

gmnix, y) g^^{x, y) = , g^n{y) ^iv) = ^m" ■ (A.3.2) 
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Due to these facts we obtain that 

hT{x, y) = -r^{y) CAatiy) t\y) ■ (A.3.3) 

The tracelessness of e^afe imphes the tracelessness of k^^. The ansatz (3.1.1) imphes 
that the only non-zero Christoffel symbols are 

= \ {d.V^u + d,v,f^ - dpv,u) , (A.3.4a) 

r°, = 0, (A.3.4b) 

^In = - \rr^ {dp9mn) , (A.3.4c) 

= Ig""^ {dm9bn + dnQmb " "^ftW) , (A.3.4d) 

r;:. = Ig"' {d,g,^) , (A.3.4e) 

= . (A.3.4f ) 

Using the following definition of the Ricci tensor 

RmN = Qa^mN ~ ^N^MA + ^MN^AB ~ ^MB^AN ; (A. 3. 5) 

we can derive the expression for the eleven-dimensional Ricci scalar 
RiMn) = R{M,) + R{M,) + g^^dj:':,,^ - v'^d^V;^ + r/'^^r^.r^, 

where R{Ms) denotes the three-dimensional Ricci scalar and R{Ms) is the eight-di- 
mensional Ricci scalar. We can determine that 

/ d''xV^iR{Mu)= [ d''xy^AR{Ms) + v'"'Vub 

J h'hi J Mil ^ 

— (•9afi'™")r,"„ — [r/^'^r^^r^^ + ^('""T^^rf^ -l- g'^'^V'^J^^^^ ] | , (A. 3. 7) 
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where we have integrated by parts with respect to the internal coordinates and we 
have used the fact that the internal manifold is Ricci flat, i.e. R{Ms) = . It is easy 
to see that we obtain the following results 

/ d'^xV^iV"" ^Ib = 16 Vms [ d?x ^ , (A.3.8a) 

J hhi J M3 

JMii J M3 

+ 2 E GAB{d^<P^){d'^4>'')], (A.3.8b) 

A,B=1 

" J- V yil [V J- ^feJ- + y J- /3mJ- an + y J- mb^- an\ 

L 

-Vms / d'xV^{2id^^){d''^)+ gAB{de.(j)^){d''(P'')}, (A.3.8c) 



where ^yi^ was defined in (3.1.14) and Vms represents the volume of the internal 
manifold and it is defined in (3.1.11). 

We know that after compactification we arrive in the string frame even if we 
started in eleven dimensions in the Einstein frame. Therefore we have to perform 
a Weyl transformation for the external metric. The fact that we do not see any 
exponential of the radial modulus seating in front of RlM^) is because we have 
consistently neglected higher order contributions in moduli fields. However it is not 
difficult to realize that the Weyl transformation that has to be performed is 

Va(3 ^ e-s-^ 7]^p . (A.3.9) 

The only visible change in this order of approximation is the coefficient in front of 
the kinetic term for radion. All the other terms in the action remain unchanged. 
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Therefore the Einstein-Hilbert term is 



"^U J Mil ^^3 Jmz 

- 18(9,0) (9» - ^ Gab + . . . . (A.3.10) 



A,_B=1 



Let us analyze what happens when we turn on the fluxes. It is easy to derive 
an expression for the Ricci scalar in the non-zero background case. For this task we 
rewrite the warped metric (3.2.1) as 

9MN = e^^'^y'^ guN . (A.3.11) 

where the barred metric is given by 

QMN dX"" dX"" = r]^,{x) dx^dx^ + e-2^(^) g^n{x, y) dy'^dy^ . (A.3.12) 

The Christoffel symbols that correspond to the metric (A.3.12) are 

f^. = r;,, (A.3.13a) 

'^mu = '^mv 5 (A. 3. 13b) 

"^mn — ^ ^ ^mn^ (A.3.13c) 

^"mn = - I + 5^8^ - g^ng'^'d,] A , (A.3.13d) 

^lin = , (A.3.13e) 
C = C (A.3.13f) 

where the unbarred symbols are computed in (A. 3. 4). We can repeat the computa- 
tion for the Ricci scalar corresponding to the metric (A.3.12) and at the end we will 
obtain a formula similar to (A. 3. 6). Due to the simple relations (A. 3. 13) between 
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the Christoffel symbols, the Ricci scalar for the metric (A. 3. 12) reduces to 

R{Mu) = R{Mn) + 21 e'^ [g'^'VaVtA - | g^' V.A V^A] , (A.3.14) 

where -R(Mii) is given in (A. 3. 6). 

To compute the Ricci scalar that corresponds to the metric (3.2.1) we have to 
perform the conformal transformation (A. 3. 11). The result of the computation is 

R{Mn) = e-2^(^)i?(Mn) + e^(^) [g'^'VaVtAiy) 

-lg^'VaA{y)VkAiy)]. (A.3.15) 
Using the fact that the second term in (A.3.15) produces a total derivative term 
which vanishes by Stokes' theorem and the last term is subleading, we obtain that 

/ S^x^y-guR{Mu) = [ d}^x^^R{Mii)e-^^^y^ + ... . (A.3.16) 

J Mil J Mil 

As expected, to leading order the kinetic coefficients receive no corrections from 
warping. Therefore we conclude that 

^! d''x^/^,R{Mn) = ^ [ d'xV^{R{M3) 

^^11 J Mil ^^3 Jm3 

- 18(a,0) (a» - J2 {da<P^) (9"0^)| + . . . , (A.3.17) 

A,B=l 

i.e. to leading order we obtain the same result as in the zero flux case. 
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B. MINIMAL THREE-DIMENSIONAL SUPERGRAVITY 



SUPLEMENT 



This appendix contains our notations and conventions related to the derivation of 
the minimal three-dimensional supergravity. The conventions and notations are 
presented in appendix B.l. Appendix B.2 describes the derivation of the three-di- 
mensional Fierz identities. In appendix B.3, we derive the closure of the three-di- 
mensional super covariant derivative algebra. 

B.l Notations and Conventions 

We use lower case Latin letters for three-vector indices and Greek letters for spinor 
indices. Supervector indices are denoted by capital Latin letters A, M. We further 
employ the early late convention: letters at the beginning of the alphabet denote 
tangent space indices while letters from the middle of the alphabet denote coordinate 
indices. The spinor metric is defined through 

C,,C^^ = 6,''6,^-6,^6,^ = ^^I-^^/l, (B.1.1) 
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and is used to raise and lower spinor indices via 



eu= O^'C^,, (B.1.2a) 
6^"= C^'^e^. (B.1.2b) 



Some other conventions 



diag{riab)= (-1,1,1), (B.l.Sa) 

EabcS^'f = (B.1.3b) 

= (B.l.Sc) 

The 7-matrices are defined through 

{r)c?{l%^ = vV + e'^''=(7c)/ , (B.1.4) 
and satisfy the Fierz identities 

mcfshar' = -5^o?h)' = -mio?{la)p)' , (B.l.Sa) 

^'^'^ {ibUilc),' = C«7(7")/ + (7")a7'5/ • (B-l-5b) 
For the Levi-Civita symbol, we have the contractions 

^'^%e/ = -5[,V5/], (B.1.6a) 

£"'^£dec=-5[/5e] , (B.1.6b) 

e"''£d6c = -25/ . (B.1.6c) 
The Lorentz rotation generator is realized in the following manner 

exp [-1 A^.A^'^T = exp [-1 e,,, 7'V ] = exp [\\'ic] ■ (B.1.7) 
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Infinitesimally, the action of the Lorentz generator is 



[Ma,^{x)]=0, (B.l.Sa) 

[ Ma,Paix)] = i (7a)/p/3(a;) , (B.l.Sb) 

[Ma, A,{x)]=ehacA%x). (B.l.Sc) 



Some useful identities 



^[af3] = —CapX^^, (B.1.9a) 
T^Cps + TpCs^ + TsC^p = . (B. 1 .9b) 

B.2 Derivation of Fierz Identities 

Choosing the real basis 

/ = ia^ 7^ = aS 7^ = a^ (B.2.1) 
we can show by explicit substitution that 

{r)ap{laV' = -\:8,{. (B.2.2) 

Basis free, we can derive that 

= (7") J(7a)/ - S;'{rja)J = \ (7'^)(J(7a),/ - I • (B-2.3) 

Using this last result and (B.2.2) we also have 
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The second Fierz identity can be derived directly from the defining relation (B.1.4) 

{hX{^')J = + e^''^{^c\'}{lbU ■ (B.2.5) 

Using (B.2.2) we can simplify this relation 

= (7")a7V + = irUS^' + C«,(7'^)/ . (B.2.6) 

A consequence of this identity is the following relation 

il[c)iJiM)p{ = -2eacdC''^ (YU ■ (B.2.7) 

B.3 Supergravity Covariant Derivative Algebra 

The algebra of supergravity covariant derivatives given in the literature is not written 
in our conventions, and does not contain the gauge fields. To get the correct algebra 
we take the form given in the literature with arbitrary coefficients and add the 
superfield strengths J^at and JF^'^ associated with the U{1) gauge theory 

[V«, V^} = {Y)^f3 Ve - il'')afsRM, , (B.3.1a) 
[V„, VJ = -a i^b)jR'^s + c iWaR)Mb + J^ib ti 

+ [-2{jb)aV + bl{^bY)a%'^eR)]Md, (B.S.lb) 
[Va, Vb} = 2 Babe [ rfS"'^ + e I i-fT^iV^R) ] V, + Babe T^' tj 

+ Babe [n''' + l V"\f^^R + glR^)]Md, (B.3.1C) 

where 

jlab _ jlba ^ ^^^j^ab ^ (^^^^^^^^^d = Q , (B.3.2) 
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and 

V«S/ = -\ iY)apnJ + i [C^pv^'' + \ ef'''{ie)apWdR ■ (B.3.3) 

By checking the Bianchi identities,we will set the coefficients and derive constraints 
on the new superfield strengths as in (B.3.3). The Bianchi identity 

[[V(„,V4,V^)} = 0, (B.3.4) 

looks like 

[[V(., V4,V,)} = -{^^u[[\-a){^,\fRVs + :Fl^.ti 
+ (7c),'[-2Sf + |K7V(V.i2)]>(. 

+ (c - l){y^R)Mc + + [lap] . (B.3.5) 
This equation is satisfied if c = 1 and 

(7^)m^,V = ^ -^4 = I (7c),"W^i • (B.3.6) 

The identity 

[{V,, V4, Ve] + {[Ve, V(„], V^)} = , (B.3.7) 

is quite complicated, so we restrict our attention to one algebra element at a time. 
The terms proportional to ti are 

{iXpe^^er^' - \ (7c)(«'V^)iy/ = . (B.3.8) 

Multiplying by (7^^)"^ implies V^PV/ = 0. Multiplying by (7a)"^ and antisymmetriz- 
ing over a and c leads to 

jre/ = 1 (7-)/v^H// . (B.3.9) 
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Terms proportional to Va are 

-(7'')a/3^cdei?V^ + a{-fc)^J{Y)(S)5R^d = , (B.3.10) 

which means a = — |. Continuing to the terms proportional to E^cVq 

2de^eh'')ai3^''Vs + (7c)(„'(7d)^)"S^V. = . (B.3.11) 

Using (B.2.7) and the fact that is gamma traceless, we see that d = —1. The 
terms proportional to R are 

Ja/37V^ = {|e C„^(7c)/(Vpi?) + |e(7c)-ya(V;3i?) + {icUai"^ /3)R) 

+ lb (7c)a/?(V^i?) + §6 (7c)7(a(V^)i?)} . (B.3.12) 
Hence J'ais-y = 0. J'ais-y is symmetric on a/3 and therefore it is the sum of two 

independent irreducible spin tensors corresponding to the completely symmetric 

I I I I and corner |— |— ' Young tableaux. Both of these should vanish separately. 

Taking J{a(3-i) = we see that 

4e + 86 + 6 = 0. (B.3.13) 

Then setting J'^^^ = we have 

-8e + 26-3 = 0. (B.3.14) 

Thus, 

e = 6=-i. (B.3.15) 

We now turn to the last terms, they are proportional to the Lorentz generator. 
Looking at non-linear terms involving R we have 

[g - 2a] ej'' {id)apR^M / = , (B.3.16a) 
[/ - Ah] I {^"U ^'RM / = , (B.3.16b) 
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which imphes that 

g = 2a = -l, (B.3.17a) 
f = Ab=-2. (B.3.17b) 

We have used the following fact to extract these contributions 

V„V^i? = I {Y)ap{VdR) - C^pV'R. (B.3.18) 

The remaining terms in this Bianchi identity are 

{il%^e,,en'f + (70a/5(Vei2) + 2(7c)(,'V^)S/ 

- |K7c7V)(a/3)(V,i?) - iY)ap{V,R)6j}Mf = 0. (B.3.19) 
After converting the free vector index into two symmetric spinor indices by contract- 
ing with {'y'^)-y5 we have an expression of the form jlf^^^M. / = 0. This tensor is the 
product of two rank two symmetric spin tensors and has the following decomposi- 
tion in terms of Young tableaux: □□ ® i i i = Mil © © [J I I . The completely 
symmetric term vanishes identically. The box diagram ~ C^'^C^^ JI^^^^M. / takes 
the form 

= {-2V^R - 12V''S/ + 86 V'i? + 2V"i?}Mc , (B.3.20) 
which implies that 

V'S/ = -i V^i?. (B.3.21) 
The gun diagram ~ ^'^'^ ^L{ii&)'-i^ f takes the form 

= {-A{^')^snJ - 8 V(^S,/ + (2 + 2 - I ) e'"'' {-f,)^s VaR} M / , (B.3.22) 
which implies that 

V(^S,)-^ = I ef"' {leUV.R - \ {^')ps nj ■ (B.3.23) 
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Thus, the spinorial derivative of Y^J takes the form 

V,S/ = -1 {^')^pnj + I [C^pT^f" + \ ef"' (7e)a/3] VdR . (B.3.24) 

This completes the analysis of the spin-spin-vector Bianchi identity. We now move 
on to the spin-vector-vector Bianchi identity 

[[V,, V5}, V J + [[V,, V J, V J + [[Ve, V J, V J = . (B.3.25) 

This identity is satisfied identically, yielding no further constraints. The final iden- 
tity is all vector derivatives: [[V[a, V;,}, Vc]} = 0. This identity yields some more 
differential constraints which are of no consequence to the derivations. 
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C. REVIEW OF SPIN(7) HOLONOMY MANIFOLDS 



This appendix contains a brief review of some of the relevant aspects of Spin(7) 
holonomy manifolds. An elegant discussion can be found in the book written by 
Joyce [1]. On an Riemannian manifold X of dimension n, the spin connection uj is, 
in general, an SO{n) gauge field. If we parallel transport a spinor around a closed 
path 7, the spinor comes back as Uip, where U = Pexp f^u dx is the path ordered 
exponential of uj around the curve 7. The set of U transformations form a subgroup 
of SO{n) called the holonomy group of the manifold X. 

A compactification of M-theory (or string theory) on some internal manifold 
X preserves some amount of supersymmetry if X admits one (or more) covariantly 
constant spinors. Such spinors return upon parallel transport to their original values, 
i.e. they satisfy Utp = ip. The holonomy of the manifold is then a (proper) subgroup 
of SO{n). A Spin(7) holonomy manifold is an eight-dimensional manifold, for which 
one such spinor exists. Therefore, if we compactify M-theory on these manifolds we 
obtain an A/" = 1 theory in three dimensions. Spin(7) is a subgroup of GL{8,1R) 
defined as follows. Introduce on IR^ the coordinates (xi, . . . ,X8) and the four-form 

109 



dxijki = dxi A dxj A dxk A dxi. Define a self-dual four- form on R by 

n = dXi2M + dXi2^fi + dXi27S + ^^3:1357 - rfXiggs 

+ rfa;2468 + c?a:3456 + c?a;3478 + dx^Q-j^ . (C.l) 
The subgroup of GL{8, M) preserving fl is the holonomy group Spin(7). It is a com- 
pact, connected, simply connected, semisimple, twenty-one-dimensional Lie group, 
which is isomorphic to the double cover of 5*0(7). Many of the mathematical prop- 
erties of Spin(7) holonomy manifolds are discussed in detail in [1]. Let us here only 
mention that these manifolds are Ricci fiat but are, in general, not Kahler. 

The cohomology of a compact Spin (7) holonomy manifold can be decomposed 
into the following representations of Spin(7) 





= R, 


(C.2a) 


H\X, R) 


= 0, 


(C.2b) 


H\X, R) 




(C.2c) 


H'\X, R) 


= hI^{x, r) , 


(C.2d) 


H\X, R) 


= Hl+ (X, R) © H^^+ (X, R) © (X, R) , 


(C.2e) 


H^{X, R) 


= Hl^{X, R) , 


(C.2f) 


H\X, R) 




(C.2g) 


H\X, R) 


= 0, 


(C.2h) 


H%X, R) 


= R, 


(C.2i) 



where the label " ± " indicates self-dual and anti-self-dual four-forms, respectively, 
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and the subindex indicates the representation. The Cayley cahbration Q belongs to 
the CO homology {X, IB) . 

Next we will briefly discuss deformations of the Cayley calibration. More 
details can be found in [1] and [84]. The tangent space to the family of torsion- free 
Spin(7) structures, up to diffeomorphism is naturally isomorphic to the direct sum 
H^+(X, M) © H^^^{X,1R) if X is compact and the holonomy is Spin(7) and not 
some proper subgroup. Thus, if the holonomy is Spin(7) the family has dimension 
1 + &4 , and the infinitesimal variations in fl are of the form cfl + C,, where ^ is a 
harmonic anti-self-dual four-form and c is a number. 

When we are moving in moduli space along the "radial direction" (p, the Cayley 
calibration deformation is 

6n = K5(I)Vl , (C.3) 

or in other words 

I^A-n. (C.4, 

If we consider infinitesimal displacements in moduli space along the other 6j direc- 
tions, then the Cayley calibration deformation is 

5Vt = 6(j)^{U - Ka^) , (C.5) 

or in other words 

30. 

g^ = ^A-KAn, (C.6) 

where are the anti-self-dual harmonic four-forms. If the movement in the moduli 
space is not along some particular direction then 

6n = 6(f)^U + {S<l>K -6(f)'^KA)^- (C.7) 
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We note that the potential 

P=-\n( I QAi^n 

2 yjMs 

generates K = dP and Ka = —BaP- The fact that 

Ms 

fixes K = 2, where Vms is the volume of the internal manifold. 
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